GENERALIZATION OF HARISH-CHANDRA'S BASIC THEOREM FOR 
RIEMANNIAN SYMMETRIC SPACES OF NON-COMPACT TYPE 



HIROSHI ODA 

Abstract. A basic exact sequence by Harish-Chandra related to the invariant differen- 
tial operators on a Riemannian symmetric space G/K is generalized for each S"-type in a 
certain class which we call 'single-petaled'. The argument also includes a further general- 
ization of Broer's generalization of the Chevalley restriction theorem. 



1 . Introduction and main results 

Let g be a real semisimple Lie algebra and 6 a fixed Cartan involution of g. In this 
paper the subscript C is used for indicating the complexification of a real object. Denote 
the universal enveloping algebra of the complex Lie algebra 9c by U(Qc), the center of 
U(Sc) by Z(sc), and the symmetric algebra of gc by S(gc)- Similar notation is used for 
other complex Lie algebras or vector spaces. Let G a d be the adjoint group of g, Gg the 
subgroup of the adjoint group of gc consisting of all the elements that leave g stable, and G 
an arbitrary group such that G a d c G c Gg. The adjoint action of G a d or G or Gg (resp. gc) 
is denoted by Ad (resp. ad). Let g = f ffi p be the Cartan decomposition. Take a maximal 
Abelian subspace a of p and fix a basis II of the restricted root system S for (g, a). II defines 
the system £ + of positive roots. Put K — G e (the subgroup of G which commutes with ff), 
M = Zk(q) (the centralizer of a in K), and m = Lie(M). Using Nk(o) (the normalizer of a 
in K) define the Weyl group W = A/^(a)/M. For each aeE, let H a be the corresponding 
element of a via the Killing form B(-, ■) of g and put |a| = B(H a , H a )i , a v = Prf (the 
coroot of a). Denote the restricted root space for a e S by 9„ and put n = 2aei+ Qa, 
P - 5 Zffez + (dini8a)ar. Let us now define the map y of U(Qc) into S(<Xc) by the projection 

t/(gc) = t/(a c )e(n c t/(g c ) + C/(g c )ic)-> U(a c ) S(a c ) 
followed by the translation 

S(a c )3f(A)^f(A+p)eS(a c ). 

Here we identified S(ac) with the space of holomorphic polynomials on the dual space 
aj, of etc. We call y the Harish-Chandra homomorphism. Let U{qc) k (resp. S{&c) w ) be 
the subalgebra of invariants in U(Qc) (resp. 5(ctc)) under the action of K (resp. W). In 
this paper the superscript of an operator domain generally indicates the subspace of invari- 
ants. Harish-Chandra showed in |HC| the following exact sequence of algebra homomor- 
phisms 1 : 

(1.1) -» U(scf n U(Q C )t c -» U(&c) K ^ S(a c ) w 0. 

'Actually his proof targets only the case of G = G- d d, but the general case follows from it since 11.21 is valid 
for any G (cf. | KR Proposition 10]). 
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On the other hand, let a 1 - be the orthogonal complement of a in p relative to the Killing 
form B(-, ■) and yo the projection of 5(pc) onto 5(ctc) defined by 

S(vc) = 5(a c )e5(p c )(a- L ) c -> S(a c ). 

Then the restriction of yo to S (Pc) K gives the algebra isomorphism 

(1.2) yo : S (vcf ^S(a c ) w , 

which is known as the Chevalley restriction theorem. Let symm : S(Qc) - * U(a,c) be the 
symmetrization map. Then one has the /f-module decomposition 

(1.3) U(Q C ) = symm(5(p c )) ® U(& c )k, 

so that II. 11 is considered as a non-commutative counterpart of II. 21 . Hereafter we use 
the same symbol si for the three algebras U(q c ) K /U(Sc) K n U(Q C )i c ,S(Pc) K and S (ac) w 
identified with one another. 

Note that II. It and II. 2> are rewritten as 

priv 

(1.4) — > Hom/f(triv, t/(gc)lc) — * Honijc(triv, C/(8c)) — > Homiy(triv, S(a c )) -> 
and 

(1.5) C v : Hom„(triv,S(p c )) ^ Hom^triv, S (oc)), 

respectively. Here 'triv' denotes the trivial representation of K or W over C. The definitions 
ofT triv andF riv are clear. 

First, we generalize the Chevalley restriction theorem in the form II. 5> . We say a K-type 
(cr, V) is quasi-spherical if the cr-isotypic component of (Ad \k, S (Pc)) is not 0. From | KR | 
we know (cr, V) is quasi-spherical if and only if V M + 0. Suppose (cr, V) is quasi-spherical. 
Then W naturally acts on V M . Define the map 

(1.6) r£ : Hom^V, S(p c )) 3 <D ^ <p e Hom w (V M , 5 (o c )) 
so that the image ^ is given by the composition 

(1.7) <p:V M ^ S(v c )^ S(a c ). 

It is obviously well-defined and if (cr, V) = (triv, C), the map F|| lv coincides with II. 51 . Both 
HomxiV, S(Pc)) an d Hormy(V M ,S(ac)) have natural j^-module structures coming from 
multiplication of images by elements in S(pc) K or ^( a c) W '. Observe that FJ intertwines 
these ^-module structures. Let us introduce a new class of K-types: 

Definition 1.1. PutXi = £\2£. Choose a subset^ of Ei so that 2$, intersects each W-orbit 
of Si. For each a e fix X a e g„ \ {0}. Then we call a quasi-spherical K-type (cr, V) is 
single-petaled if and only if 

(1.8) o-(X a + 9X a )(o-(X a + 6X a f - 2\a\ 2 B{X a , 6X a ))v = Vu e V M , Va e St. 

Remark 1.2. Suppose a e E + . Then g„ has the M-invariant inner product -B(-,0-) and M 
acts transitively on the unit sphere of $ a if dimg ff > 1 (see |Ko3, Theorem 2.1.7]). Hence 
multiplying II. 8t by elements in M or scalars, we see the above definition does not depend 
on the choice of {X a }. Furthermore, multiplying i ll ,8b by elements in Nk(&), we see M may 
be replaced with Ei . Hence the definition is also independent of the choice of 
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Then we have 

Theorem 1.3. For any quasi-spherical (cr, V), is injective. On the other hand, is 
surjective if and only if(o~, V) is single-petaled. 

This theorem gives a generalization of Broer's theorem for a complex semisimple Lie 
algebra (|Br|) into the case of a Riemannian symmetric space of non-compact type. As 
mentioned in a footnote of |Br|, Broer's theorem can also be proved by using the results 
of |PRV |. Similarly, using the results of IKo3l . which generalize the results of |PRVj into 
the Riemannian symmetric case, we can show Theorem ll.3l in a purely algebraic manner. 
However our proof in ^3]employs an analytic method modeled on |Da|. This method leads 
to further generalizations of Theorem ll.3l in some directions (Proposition l3.ll Theorem l3.5l 
Theorem l3.15> . In particular, for some wider class of K-types than 'single-petaled', which 
will be called 'quasi-single-petaled' , a result close to Theorem ll . 3l holds . 

The generalization of ll.4> . which is the main theme of this paper, requires the notion 
of the degenerate affine Hecke algebra H associated naturally to the data (n, a) (Defini- 
tion We here state a few properties of H. H is an algebra over C including S(ac) 
and the group algebra C[W] of W as subalgebras with the same 1 and the center of H is 
S(ac) w . The map S(<Xc) ® C[W] — > H defined by multiplication gives a C-linear isomor- 
phism. Hence the left H-module 

(1.9) S H (a c ):=H / J] H(w - 1) - S(a c ) ® C[W] / S(a c ) ® J] C[W](w-l) 

n'eW\{l| h.'£W\(1| 

is naturally identified with S (oc) as a left S (ac)-module. It is notable that although the left 
W-action on Sn(ac) differs from the original W-action on S (ac), the space of W-fixed ele- 
ments in 5'h((1c) equals S(ac) w (Corollary 14. 41 . Hence we may replace Homvi/(triv, 5(oc)) 
in ll.4t with Homn/(triv, 5h(Qc))- 

Suppose (cr, V) is a quasi-spherical K-type. Define the map 

(1.10) r 7 : Hom^V, U(q c )) 3 ¥ iff e Hom c (V M ,S H (ac)) 
so that the image ifi is given by the composition 

(1.11) <A : V M V ^ l/(gc) ^ S(ac) - Sh(oc). 

Note that the space in the right-hand side of ll.lOt is not Homw(V M , S n(ac)). In fact the 
map iff defined by II. Ill does not always commute with the W-actions. Now we state the 
main result of this paper: 

Theorem 1.4. For any (cr, V), the kernel of F 7 ' equals Hom^ V, U (9c)tc)- The image of F " 
is included in Homw(V M , Sh(oc)) if and only if(o~, V) is single-petaled. If this condition is 
satisfied, the image equals Homiy(V M , Sh(oc)) an d therefore we have the exact sequence 

(1.12) -> Hom K (V, U(Qc)k) -» Hom^V, t/(g c )) ^ Hom w (V M , S H (a c )) -> 0. 

Remark 1.5. If D e U(Qc) K and *P e Hom K (V, U(Qc)), then the right multiplication of the 
image of *P by D gives a new element D e Hom^ (V, U(Qc))- This f/(gc) A: -module struc- 
ture of Hom K (V, U(Qc)) induces an ^-module structure of Hom K (V, C/(9c)/^(9c)Ic) - 
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Hornby, U(qc))/ HomK(V, U(Qc)ic)- Also, we naturally consider Homc(V , 5h(Qc)) an d 
Homu'(y M , 5 , h(hc)) as ■eZ-modules. Since it is clear that 

(1.13) r r eF • D) = rCP) • y(D) VD e U(8cf, V¥ e Hornby E/(g c )), 

r°" induces an ^-homomorphism Hornby, U(Qc)/U(Qc)^c) ~> Homc(V M , Sh(oc))- More- 
over, if (cr, V) is single-petaled, we get a natural ^ -isomorphism 

Hornby f/(sc)/f/(9c)tc) ^ Hom w (y M ,5 H (a c )). 

The proof of Theorem ll.4l is given in |4] w ith a related result on the quasi-single-petaled 
K- types (Theorem l4.1 1> . 

If g is a complex semisimple Lie algebra, then a quasi-spherical K-type is naturally iden- 
tified with a finite-dimensional irreducible holomorphic representation of G. Under this 
identification, a single-petaled K-type is nothing but an irreducible small representation of 
G in the sense of |Br| (Corollary 15. 2\ . Moreover, in this case we can deduce from The- 
orem ll.4l a generalization of the celebrated Harish-Chandra isomorphism (Theorem l5.9> . 
In ^5]we also study two topics related to the generalized Harish-Chandra isomorphism — 
construction of new kinds of non-commutative determinants, and a natural correspondence 
between the submodules of the Verma module M(A) of U (g) and the submodules of a cer- 
tain basic module A(A) of the degenerate affine Hecke algebra H associated to this complex 
case. 

Acknowledgments. The author would like to express his sincere appreciation to Profes- 
sor T. Oshima and Professor H. Matsumoto for their guidance and encouragement. The 
author is also indebted to Dr T. Honda for many valuable discussions. 

2. Quasi- spherical K- types 

We shall prepare some results on quasi-spherical K-types which will be used in the 
subsequent sections. Most of the results in this section are known. 

Identify the /f-module S(Pc) with the /^-module £?(x>) of C-valued polynomial func- 
tions on p via the Killing form. Each X e p defines the partial differential operator d(X) on 
p. Extend the correspondence d : X i-> d(X) to the algebra homomorphism from S (pc) to 
the algebra of partial differential operators on p. 

We say an element in S(pc) — ^(P) is K -harmonic if it is killed by d(F) for any 
F e S(p c ) K n S(p c )Pc- Let J^ K (V) denote the set of ^-harmonics. Note that MkiV) is 
independent of the choice of G (G a d c G c Gg), The following is essentially due to IKRI : 

Proposition 2.1. The map 

defined by multiplication is a K-module isomorphism. Moreover, for any finite-dimensional 
representation (cr, V) of K over C, dime Hom^V, J^k(P)) = dime V M - Hence 

(2.1) Hom K (V,S(y c )) - ®Hom K (V, ,J>f K (p)) srf mm{a) with m(&) = dim c V M . 

Corollary 2.2. As K-modules, U(Qc) = ^(Sc)lc © symm(^(p)) ® symm(5(pc)^). 
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Let (cr, V) a quasi-spherical K-type and put m{<f) = dime V M . Let {ui, . . . , v m (o-)} be a 
basis of V M and {<I>i , . . . , <X> m (<r)} a basis of Hornby, Mkiv))- We put ^ = symm o <bj e 
Hom/cCV, 17(g)) (J = 1, . . ., m(cr)). In I Ko2IIKo3l . Kostant studied the 5 (a c )-valued m(cr) x 
m(cr)-matrix P a — (y o ^F/fi),])^- j< m f (r y which is closely related to the theme of the present 
paper. In particular he determined the value of det P a . It is clear that det P°~, up to a scalar 
multiple, does not differ for any choice of bases. Let (•, •) be the C-bilinear form on aj, x oj, 
induced from •). 

Proposition 2.3. Suppose A e aj, satisfies Re(/l, or) > Oforanya e E + . 77zen (det P°")(/i) ^ 
0/or any (cr, V). 

Proof. The proposition is a direct consequence of IIKo2IIKo3l if G = Gg. We shall translate 
this result to the general case. Denote K, M for Gg by Kg, Mg. Let F be the subgroup of 
the adjoint group of ge consisting of all elements of exp cie with order not greater than 
2. Then Kg = KF, Mg = MF, and F normalizes K and M (fE"Kl Proposition 1, Lemma 
20]). Since F is isomorphic to a direct product of Z/2Z, we can choose a subgroup Fj 
so that Kg = K x F\ and Me = M x F\. Suppose (cr, V) is a quasi-spherical /f-type. 
Then Vg := C[Fj] ® V has the natural A^-module structure cr fl defined by crg(ka)(a' ® 
v) = aa' ® (a'akaa')v for k e K,a,a' e F,v e V. Observe that (V e ) M = © fleFl « ® 
V M and (V e ) M » = £ aeFl a) ® V M . Let (erg, Vg) = (cr u Vi) ■ • • (ay, V,) be an 
irreducible decomposition as a /f 9 -module such that (<xi, V\), . . . , (cr,, V,) are just all of the 
quasi-spherical components. Since XaeF, a ) ® ^ M = (Vi) Mfl © • • • © (V,) Ms , we have 
m(cr) = m(cri) + • ■ • + m(oy). Take a basis [v\ , . . . , tr ; „ . . . , v, , . . ., v , .) of V M so that 

{(#77 EaeFj a)®V ( f, . . . , (pr SaeF, "j®^^)} f ° rmS a baSiS ° f fOT 6aCh * = ^ ' " ' ' L 

On the other hand, since (cr g , Vg) is naturally considered as the induced Kg-module from 

projection 

(cr, V), by defining A'-homomorphisms i s : V '-* Vg > V s (s — 1, . . . , f), we get the 

isomorphism 

i Hom^V,, J#k e (V)) 3 (<£ (1) , ■ • • , <I) (1) o tl + • • • + 0> w o,,e Hom^V, 



Therefore, if we take a basis {<D ( , s) , . . . , >} of Hom Kl) (V s , J#k 6 (v)) for each s = 1, . . . , t, 
then 

\u>^ot u ...M l ) ,o Lu ...Ml } oi t ,...M'\ ,o t< ) 

11 *' ' m(o~i) ° '1 * m(cj>) 'J 

is a basis of Hom# ( V, J%?k(p))- Let us consider P°" with respect to this basis and the basis of 
V M defined above. Note that Mg acts on 5(cic) trivially and that y is an Mg-homomorphism 
because Mg normalizes fc and ttc. Hence, y(D) = y[{#^ HaeF, a )^) f° r an Y D e t7(g). 
We thereby get for 5, 5' = l,..,,t,i= I,..., m(cr s ,), and 7 = 1, . . . , m(cr s ), 

*W rCOn /r°symmo(D< s) [(p- Z fl6Fl a) ® if ] if « = s', 
y o symmo <p\ o j s [v\ ]-' 1 ■ 1 



if s^ts', 



which implies the equality 

(2.2) P' T = 









po;) 
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Now our claim follows from Kostant's result. □ 

Next, we consider some basic single-petaled K-types. Clearly the trivial K-type is 
single-petaled. Other examples are constituents of (Ad, pc). 

Lemma 2.4. For any a el, (not Si /), X a e g ff , and H e etc, 

&d(X a + eX a ){&d(X a + 0X a ) 2 - 2\a\ 2 B(X a , 0X a ))H = 0. 

Proof. If a(H) = 0, then ad(X a + 9X a )H = 0. On the other hand, 

(ad(X a + 0X a ) 2 - 2\a\ 2 B(X a ,6X a ))H a 

= \a\ 2 ad(X a + 6X a )(-X a + 0X a ) - 2\a\ 2 B(X a , 0X a )H a 

= 2\a\\[X a , 6X a ] - B(X a , 9X a )H a ) = 0. □ 

Definition 2.5. In this paper we say G/K is of Hermitian type if and only if p has a K- 
invariant complex structure. 

Theorem 2.6. Suppose g is simple. 

(i) Suppose G/K is of Hermitian type and p has a K-invariant complex structure J. 
Extend J to the C-linear endomorphism on Pc and let p ± C Pc be the eigenspaces of J 
with eigenvalues ± y—l. Then (Pc) M = iVG./ci;.. Moreover, the two K-types (Ad, p ± ) 
are single-petaled and (p±) M — cic (the reflection representation) as W -modules. 

(ii) Suppose G/K is not of Hermitian type. Then the K-type (Ad, Pc) is single-petaled 
and (Pc) M — Qc (the reflection representation) as a W-module. 

Proof. If G = G a d, then (Pc) M is as stated in the proposition by Uohl Proposition 4.1]. 
(0 Suppose G/K is of Hermitian type. Then G d d/(K n G a d) is also of Hermitian type. 
Hence by | Joh|, (pc)^ '" 1 = ac © Joe- Since J and the /f-action on pc are commutative, 
(Pc) M = a c © J°-c- The rest is clear from the .^-isomorphism 1+ ^ J : p p ± and 
Lemma l2~4l 

(0 Suppose G/K is not of Hermitian type. If G^&KK n G a d) is of Hermitian type, then its 
complex structure J gives the (K n G a d)-module decomposition pc = p+ ffi P-. In this case, 
from (Q and Proposition l2.il dime HomirnG lld (P+, J^k(v)) = dime ttc- Since the ^-action 
on pc does not commute with /, Pc is an irreducible ^-module. Hence we get a natural in- 
jection Hom^pc, J#k(Vj) -> Hom Knc Jv+, J#k(V)), which implies dim c (Pc) M < dim c cic 
in view of Proposition l2.il But since (Pc) M 3 ac, we have (Pc) M = Qc- 

On the other hand, if G^&KK n G a d) is not of Hermitian type, then (Pc) M = cic since 
(Pc) (MnGad) = ac by Qohl. The rest is clear from LemmaEl □ 

In the remainder of this section, we assume g has real rank 1 and give a close look at its 
quasi-spherical /f-types. Let a be the unique element in Sj n E + and choose X a e Q a so 
that B(X a , 6X a ) = -spw. If we put Z = ^-lX a + yf^l6X a , then the condition (11.81 for a 
quasi-spherical (cr, V) to be single-petaled is reduced to Z(Z 2 - l)V M = 0. 

Lemma 2.7. Suppose (cr, V) is a quasi-spherical K-type. 

(i) AW f/ie eigenvalues of cr(Z) are integers. We denote the largest one by e(o~). 

(ii) dime V M = 1. i/ence e V M \ {0} one/ <D' r € Hom K (V, J^k(p)) \ {0} are uniquely 
determined up to scalar multiples. 
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{l,a} with a = Ad 



and Z 



o -iv=r 

v |V=i o . 



For each 



(iii) Let V z e ^ be the eigenspace of o~(Z) with eigenvalue e(<r). Let (V M )~ L denote the 
orthogonal complement ofV M in V with respect to some K-invariant Hermitian inner 
product (•, -) v on V. Then V z - e(cr) <£ (y M ) ± . 

(iv) Put 6 = dim Q2a and h — ^- + d ™ a '' e S (ac) (recall a v — ^yr)- Then we can choose 
a pair (i, f) of non-negative integers with 2i + j — \e(o~)\ so that y o symm o O^fii "] 
(= detP°~) equals 

(2.3) [(h + 5)(h + 6 + 2) ■ • • (h + 6 + 2(i + j) - 2)] • [(h + l)(h + 3) • ■ ■ (h + 2i - 1)] 

up to a scalar multiple. 

(v) (cr, V) is the trivial K-type <=> e{cr) — 0. (cr, V) is a constituent of (Ad, Pe) o \e(cr)\ 
I. 

Proof. Use the same notation as in the proof of Proposition 12.31 We may assume g is 
simple. If G = Gg, then all assertions of the lemma are consequences of |Ko2, Ko3|. 

Suppose G + Gg. Firstly, we consider the case where g & sl(2, R). In this case each 
quasi-spherical Kg-type (cr, V) is irreducible as a Zf-module and V M " — V M (|Ko3 Chapter 
II, §2]). Also, because a quasi-spherical K-typt is a constituent of S(PcX it must be the 
restriction of some quasi-spherical Kg-Vype. Hence the lemma follows from the case for 

Gg. 

Secondly, suppose g = sl(2, R) and f = so(2, R). Then G = G a d = Ad(SL(2, R)), 

rr v^r o 

o -V^TJJ 

integer e, define the 1-dimensional quasi-spherical K-type (cr e ,V e ) by cr e (Z) = e. Then 
a quasi-spherical K-type equals some (cr e , V e ). For each (cr e , V e ), define the Kg-module 
(V e )g = 1 ® V e + a ® V e as in the proof of Proposition ^. 3 1 Then a®V e - V- e as a ^-module. 
If e ± 0, then (V e )fl is an irreducible /ffl-module and hence P "' = f> (o " e) << by (12. 2> . which 
assures (|ij-(|lvj for (cr e , V e ). If e = 0, then <x e = triv and clearly ijjj-ljivj hold. It is also 
clear that {v) follows from the case for Gg. □ 

Combining Lemma l2.7ldiin . Q and Theorem l2.6l we can conclude 

Corollary 2.8. If g /zcw reaZ ranA; 1, then the trivial K-type and the K-types appearing in 
(Ad, Pc) exhaust all the single-petaled K-types. 

3. The Chevalley restriction theorem 

The purpose of this section is to prove Theorem ll.3l Although the method is modeled on 
that of | Da | in large part, some points are improved by use of the rational Dunkl operators. 
We note our method is applicable even to the classical case. 

Under the setting of §J\ suppose (cr, V) is a quasi-spherical K-type. Let & represent 
one of the following C-valued function classes: (continuous functions), c #' 00 (smooth 
functions), or 3? (polynomial functions). Define the map 

(3.1) Hom^V, J?(p)) 3<Dh( V :V M 3bh <D[u]|„) e Hom w (V M , &(a)). 

We consider p and a as Euclidean spaces by the Killing form. Under the natural identifica- 
tions &>(p) a 5(p c ) and ^(a) a S(a c ), T% in ^coincides with (EJ) for & = Hence 
we use the same symbol for ( 13 . 1 1 in general cases. First we shall prove 
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Proposition 3.1. The map for & = e €, ( ^ oc or & is injective. 
Proof. We may assume & — . Let 

(3.2) V =V M ®YjVt 

T^triv 

be the decomposition into isotypic components of the M-module V = V\m and define the 
projection map 

(3.3) p a : V = V M e J] V ? -» yM 

r^triv 

Suppose 0) e Hom K (V,tf(p)). Then clearly <D[«](#) = 0[p°"(d)](F) for any d e V and 
H e a. Let ^ e Homw( V M , *^(a)) be the image of <£. Since each element X e p can be 
written as X = Ad(k)H for some k e K and i/ e o, we have for any u € V 

<S>[v](X) = Q>[v](Ad(k)H) = <b[cr(k- l )v](H) 

(3 4) 

= Olp^oik- l )v)](H) = ^(otfffyjKfl). 
Thus O can be completely reproduced by (p. a 

To discuss the image of Fq we introduce two W-subspaces of V M . 

Definition 3.2. Put 

Kfngie = { ^ e V M ; cr(X a + 6X a )(o-(X a + 0X a f - 2\a\ 2 B(X ai 8X a ))v = 

Va e Ei, VX a e g„ }, 

eye Ei,X a e g ff }. 

Lemma 3.3. V M = V s f ngle e V^. 

Proof. Let (•, -)y be a /^-invariant Hermitian inner product on V. Then the isotypic com- 
ponents V M and V T in (13. 2> are orthogonal to one another. Let (Vfo ub i e ) X be the orthogonal 
complement of V^ uble in V M . Since cr(X a + ftX^) is skew-Hermitian with respect to (■, -)y, 
we easily get c (V^ uble ) X . Conversely, suppose v e (V^ uble ) x . Since V*^ is the 

image of the M-module 

J]( <r(X„ + ^)(cr(X„ + 6X a ) 2 - 2\a\ 2 B(X a , 6X a ))V; sell, X„e()„| 

under the projection map i3.3\ . we have for any v' e V, a e Ei, and X„ e g ff , 

(cr(X a + 0X„)(cr(X a + 0X ff ) 2 - 2M 2 B(X ff , 0X a ))t>, t/) y 

= -(v, o-(X a + 9X a )(o-(X a + eX a f - 2\a\ 2 B(X a , GX a ))v') v 

= -(v.prfaXa + ex a x<r(x a + ex a f - 2\ a \ 2 B(x a , ex a )y)) v 

= 0. 

It shows v € V M , . Thus we get V M , = (Vf ,, )" L . □ 

single ° single v double 7 

From Remark fOI (<x, V) is single-petaled if and only if V^ uble = 0. 



HARISH-CHANDRA'S THEOREM 



9 



Lemma 3.4. For any a e S {not Ei/), a e V s ^ gle , ami X a e g^, 

cr(X„ + 6X a )(cr(X a + 0X a f - 2\a\ 2 B(X a , 6X a ))v = 0. 

Proof. It suffices to show the equality for a root 2a with a e Zi. Put 9(0-) = m + Ri/ ff + 
ZySesnZaSjS an d 9ss(o') = [Q(<x), g(a')]- Then gss(a') is a semisimple Lie algebra with real 
rank 1. Let G ss (a) c G be the analytic subgroup of g ss (a) and put f ss (a) = t n g ss (a), 
A ss (a) = A" n G„(ot), and M BS (a) = Z KuW (RH a ). Let E/(f ss (a) c )t> = V (1) e ■ ■ ■ V (f) be 

an irreducible decomposition as a K ss (a)-module and v = i/ 1 ' H + the corresponding 

decomposition. Since M n G ss (a) = M ss (a), i/ s) (5 = 1, . . . , t) is a non-zero M ss (a)-fixed 
vector of V (s \ Moreover, since M ss (a) includes the center of G ss (a), we can essentially 
regard each V (!) as a 'K-type' of the adjoint group of g ss (a) and apply the results of ^2]to 
it. Choose X a e Q a so that B(X a ,8X a ) = -^p and put Z = V-IX. + ^fA6X a . Since 
u e V*., Z(Z 2 - l)v = 0. Then Z(Z 2 - l)i/ s) = for s = 1, . . . , * because Z e f ss (a) c . 
Hence by Lemma irTl O each V (!) is single-petaled as a 'K-type' of the adjoint group of 
g S s(Q'). Now it follows from Corollarv l2.8l that each V (s) is either the trivial K st (a)-type or a 
A' ss (a)-type appearing in (Ad, pc n g S s(a)c). Therefore Theorem l2.6l and Lemma l2~4l implv 

o-(X 2a + 0X 2a )(o-(X 2a + 9X la f - 2\2a\ 2 B(X 2a , 0X 2a ))v (s > = for * = 1, . . . ,t. 

Thus we get the lemma. □ 

For any W-submodule V of V M , we naturally identify Homiy(V M / V, J^(a)) with the 
linear space { <p e Hom<w(V M , J^(a)); (p[v] = Vi> e V }. Hereafter in this paper, we 
repeatedly use similar identifications without notice. The second assertion of Theorem ! 1.31 
can be made more precise as follows: 

Theorem 3.5. Suppose & = tf 00 , or s . For any <p e Hom w (V M / V d ^ uMe , J? (a)) there 
exists a unique O e Hom#(V, J^(p)) such that HT (<1>) = <p. 

The proof is a bit long and a large part of this section is devoted to it. Retain the 
notation in the proof of Proposition l3.ll We first show the theorem for & — "if, Suppose 
ip e Hom w (V M / V^ uble , <*f(a)). For each v e V we define d>„ e tf(K x a) by 

(3.5) 0„(fc, #) = <p[ p^la-QC^v) ](H) for (jfc, H)eKxa. 

Lemma 3.6. Suppose k\,k 2 e K and H\,H 2 e a satisfy A&(k\)H\ = Ad(k 2 )H 2 . Then 
<D„(£i, Hi) = <J>„(£ 2 , H 2 )for any veV. 

Proof. Note that Hi and H 2 in the lemma are conjugate by some element of A^a) (|Hel 
Chapter VII, Proposition 2.2]). By the definition ( 13.51 we see for any v e V, k, ki e K, w e 
Nk(cl) and H e a, the following equalities hold: 

<D B (J^ 1 *,fl) = <D o<)tl> ,(jt,f0, 
0„(£m>, ff) = <£„(£, wi/) with w := w mod Meffi 

Therefore, if we show 



(3.6) 



<&„{k, H) = <D„(e, ff) for H € a,k e K , and teV, 
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our claim follows from it. Here e and K H in ( 13. 6> are a unit element and the stabilizer of 
H in K, respectively. To show (13. 6> . fix an arbitrary H e a and define Ah g V* by 

Ah : V 3 uH 0„(e,//). 

Let (cr*, V*) be the dual K-type of (<x, V) and (•, •) the canonical bilinear form on V* x V. 
For w g Afc(a) n K H and neV, 

(o-*(w)A H ,u) = (A H ,o-(w- l )v) = O^-i^e,//) 

= <D„(w, fl) = O u (e, mH) = <D„(e, fl) = »). 

It shows ct*(w)Ah - Ah for w G Nk(&) n ZT H and in particular /Ih g (V*) m . Furthermore, 
for a G Si, Xq. g g„, and u G V, 

(cr*(X a + 6X a ){cr'(X a + 6X a ) z - 2\a\ 2 B(X a , 0X a ))A H , v) 

= -(a h , oiX a + eX a )(cr(X a + 6X a f - 2\a\ 2 B(X a , 9X a ))v) 

~ ~^<T(X a +eX„){a-(X a +eX a ) 1 -2\a\ 1 B(X„Ma))i^ e ' ^ 

= -<p[ p'faXa + 9X a )(cr(X a + 9X a ) 2 - 2\a\ 2 B(X a , 6X a ))v) ](H) 
= 

since p*(cr(X a + 6X a )(a(X a + 0X a f - 2\a\ 2 B{X a ,0X a ))v) e V^. Thus A H e (V*)ff ngle . 

Put I. H - {a 6 S; a(H) = 0} and take an arbitrary a e X H n Ij and X„ G g„. We shall 
prove cr*(X a + 6X a )A H = 0. We may assume B(X a ,0X a ) = -3^. Put z = V-lX + 
yf^\6X a and s„ = exp(7r V-1Z). Then s„ s Afc(ct) n and hence cr*^)/!// = Let 

= ^h + + 

be the decomposition into cr* (Z)-eigenvectors with eigenvalues 0,1, and - 1 . Then we have 
a(s a )A H = Af + e" ^ A^ + ^ = 4°' " (4 +> + 

which shows /!# = and hence o-*(Z)A H = 0. 

Note that t H := m + R(X ff + 6X a ); a G 2^ , X a G g a } is the Lie algebra corresponding 
to K H and is generated by m and X a + 9X a (a G Y, H n Si, X„ G g ff ). Hence we get 
cr*(X)/l// = for any X G t H . If we define the analytic subgroup (K h )q with Lie algebra 
t H , a usual argument leads us to 

K H = (N K (a) n K H ) ■ (K H ) . 

It shows the ^ H -invariance of A H and therefore d3.6l>. □ 



Lemma 3.7. The natural topology o/p coincides with the quotient topology of the surjec- 
tive map q : K X a — > p defined by q(k, H) — Ad(k)H. 

Proof. Notice that •) is ^-invariant. Hence if we put for any positive number R 

a R — {H G a; B(H, H) < R), p s = |Xe p; B(X, X) < R}, 

then ^(5 n(K x a R )) = q(S) n p s for any closed subset S <z K x a. Here 5 n (K x a R ) is 
compact and so is q(S ) n p« with respect to the natural topology of p. It implies that q(S ) 
is closed by the natural topology and hence the lemma. □ 
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From Lemma l3~6l and Lemma l3~71 <I>ii induces the continuous function <£>[v] on p for each 
v e V. Clearly the correspondence <t> : u i-» <$>[v] commutes with the Abactions and satisfies 
the relation 13.411 , Therefore O is a unique element of Hom^(V, ^(p)) such that F[[ (3>) = (p. 

To show Theorem l3.5l for & = < ^°° we need some preparation. 



Definition 3.8. Let k : 2 — > C be a multiplicity function, that is, a function which takes 
the same value on each W-orbit of S. For f e owe define the operator acting on 

/ e ^""(a) or @(a) (infinitely differentiable functions with compact support) by 

f(H) - f(s a H) 



a(H) 



(3.7) Mt)f(H) = d({)f(H) + J] k(ar) a(& ■ 

where 3(£) is the ^-directional derivative and s a e W is the reflection with respect to a. 

Remark 3.9. The result of J3.7t belongs to the original function class and it holds that 
w,5k(£) = ,%S.w%)w for any w e W. The operator is introduced in |Dunl | and is 

called the rational Dunkl operator. Is is known that = ,%irf),%S^) for any 

t;,rj e a. In this section we consider only one special case where k(a) = Hence 
hereafter we drop the suffix k in 5^. 

Lemma 3.10. Let L v is the flat Euclidean Laplacian on p. Let {^\ , . . . , be an orthonor- 
mal basis of a and put Jz?„ = £f =1 ^(£,) 2 . Suppose O 6 Hom^(V, ^""(p)) and v e V*f lgle . 
Then 

(L v ®[v])\ a = JS? a (<&[«4). 
Proof. Note that for X e p and Fef 

Q>[o-(Y)v](X) = — <S[o-(exptY)v](X) 

(3.8) dt 

= — (D[t;](Ad(exp-fy)X) 
dt 



= d([X, Y])<&[v](X). 

1=0 



1=0 



Hence for i/ € a, a e X, and X a e Q a we have 
(3.9) 

0[cr(X„ + eX a fv]{H) = d([H,X a + 6X a ])®[o-(X a + 9X a )u](H) 
= a(H)d(X a - 0X a )®[o-(X o + 9X a )v](H) 

= a(H)—<&[cr(X a + 6X a )v](H + t(X a - 9X a )) 
dt 

= a(H)-d([H + t(X a - 9X a \X a + 8X a ])Q>[v](H + t(X a - ex a )) 
dt 

= a(H) 2 ^d(X a - 8X a )<S>[v](H + t(X a - 6X a )) 

at (=o 

+ a(H)^-2td([X a , GX a ])®[v](H + t(X a - 9X a )) 

dt , = o 

= a(H) 2 d(X a - eX^mH) + 2a(H)d([X a , 9X a ])0[v](H) 

= a(H) 2 d(X a - 8X a ) 2 ®[v](H) + 2a(H)B(X a , 8X a )d(H a )^>[v](H). 

Let v = t/ 0) +i/ +) +i/~ ) be the decomposition into <T(X ff +ftX ff )-eigenvectors with eigenvalues 
0, ±\a\\j2B(X a , 8X a ) (Lemma l3 .41 assures there are no other eigenvalues). Then v - s a u = 
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2(t/ +) + t/ ') (cf. the proof of Lemma l3.7> and 

cr(X a + 6X a fv = cr(X + 9X ) 2 (u (+> + 
,J ' I0) = 2|a| 2 fi(X ff ,ffi^)(t/ +) + o") = \a\ 2 B(X a ,9X a )(l - s a )v. 



From (13. 9t and O.lOt we get 

-2B(X a , 8X a ) a(H) 2a(H) z 

Therefore 

e 

L p OM(ff) = 2^) 2 4>[ t ;](i/) 

i=i 

+ >, — 7— -7 777 WWW - M 77772 • 

which equals 2 f = j ) 2 <D [ v] (H) by IDunll Theorem 1.10]. □ 

Let dX (resp. dH) be the canonical measure of the Euclidean space p (resp. a). 

Lemma 3.11. There exists a positive constant C a such that for any K-invariant continuous 
function F(X) on p with compact support 

f F(X)dX = C a f ]~[|cK(//)| dlmi1 V//. 

Proo/ See lHe2l Chapter I, Theorem 5.17]. □ 
Lemma 3.12. For any <p e ^ °°(a), / e ^(a), ana? feu, 

f (^)<p)(Mf(H) Y\\a(H)\ dha9a dH = - f <p(H)(nOf)(H) Y\\a(Hf m *°dH. 

Proof. By a straightforward calculation (cf. IDun2l Lemma 2.9]). □ 

Lemma 3.13. Recall the decomposition d3 .21 . Suppose \v\, . . . ,v n ) is a basis of V such that 
{vu, . . , !vh {iV+i, ■ • ■ , v m ) and {u m+ i, • . . , u„] are bases of V^ gle , V^ uble , and Hmriv ^ T > 
respectively. Let {v*, . . . , v*}be the dual basis of {v\, . . . ,v„}. Then, {v*, . . . ,v* m ,}, {v*,. v . . . , V* n 
and {v* m+v . ..,v* n ] are bases of (V*)ff ngle , (V*)^ uble , and Zmriv^T, respectively. 

Proof. Let (■, •) be the canonical bilinear form on V* x V. Then ((V*) T , V) = unless 
t - p*. Hence the lemma follows if we show 

V^ e = {veV M ;(v*,v) = Q WeCn&uJ, 

(^)ffngle = K e (V*) M ; (!>•, D) = V, 6 V^} 

But this argument is quite similar to the proof of Lemma l3~3l and we omit it. □ 

Now suppose <p e Hom M /(V M /y^ uble , < ^" :>0 (a)). Let <p~ stand for the unique element of 
Hom^ ( V, ^(p)) such that T^(tp~) = tp. It follows from Remark|X3]that the map 

(3.11) V M sun Jz? a <p[v] e ^"(u) 

belongs to Uom w (V M /V^ Me , ^°°{a)). Denote the map dTTTi by Jzf> and let us show 

(3.12) L p <f~[v] = (X^Tlv] VueV. 
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In the left-hand side we consider f~[u] an element in 3>'(p) (the space of distributions) 
on which L v is acting. On the other hand we know the right-hand side is a continuous 
function. Hence by successive use of (13. 12i and Weyl's lemma on regularity, we can 
conclude tp~[u] e ^°°(p). 

Let {i>i, . . . ,v n ] be a basis of V as in Lemma l3.13l and {v\, . . . its dual basis. It suffices 
to show that for any n test functions F\,...,F n e £^(p), 

n „ n „ 

(3.13) Y <p~[ Vi ] (L p Fi) dX=Y\ {& a <pY[viWidX. 

i=i j p ,=i J » 

To do this, using the linear map F : V* — > 2#(y) defined by v* i-> F{ (i = 1, . . . , n), put 

F:V'3i)'h f F[cr*(/t>*](Ad(/fc)X)(iA: e 
Jk 

where dk is a normalized measure on K. Then F € Hom^(V*, ^""(p)) and the left-hand 
side of (13 . 1 3i equals 



(3.14) 



<p~[o-(k)Vi](X) (L p F[o-*(k)u*]) (X) dXdk 

= Z f f^MCAd^-'^^pFK^K])^)^^ 
£f Jk J P 

= y r ^~[i>i](x) r {L V F[<r*(k)vi])(k&{k)x)dkdx 

= f J^,](X)(MK])(X)^ 
= C„ f ^^M(//)(L pJ FK])(i/)f]| a (//)| dlm!l V// 

.-. Ml' 

= c tt 1 2^ ; ](i/)(L p F[ y n)(H)]~[k^)r imiVflf// - 

^" /=1 ae£+ 

Here the fourth equality comes from the Zf-invariance of the integrand and Lemma B.llI 
The last equality is based on the fact that ^~[u,]| o = for i = m' + 1, . . .,n (see the proof 
of Proposition B.U . Similarly the right-hand side of (13 . 1 31 is changed into the form 

(3.i5) c„ I ^(^[viimnv^imYliaimf^dH, 

which equals the final form of j3.14> because from Lemma l3.12l and Lemma B.lOl we have 
for i — l,...,m' 

f (J^ a (p)[ui](H)F[v*](H) |~~[ |a(i/)| dim °"iii/ = f viViKID-Z'aiFivtllXH) [~[ \ a (H)\ dim<,a dH 

= f V [v i ](H){L P F[v*])(H)Y]\ a (H)\ dime ''dH. 

Thus we get Theorem|33]fOT & = ^ . 
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Finally, to show Theorem 1331 for & = suppose tp 6 Hom w (V M /V^ uble , ^*(a)) 
and put = ip~. Let us prove <E>[u] G ^(p) for any v G V. We may assume for any 
v e V M , ip[v] is a homogenous polynomial of the same degree, say j. Then <f>[v] is also 
a homogeneous function of degree j for any v 6 V. It is clear from (13. 5> and the relation 
0[y](Ad(£)i/) = ®„(&, H) fork eK and ffej. Since a "if 00 homogeneous function defined 
around is a polynomial, we get the claim. This completes the proof of Theorem l3.5l 

Remark 3.14. In our proof of Theorem l3.5l the results in {J2are use d to g et Lemma l3~4l 
but nowhere else. Hence if we replace the definitions of le and V^ uble by 

Kfngie = ( v e <r( X * + ^ a )(cr(X a + 6X a ) 2 - 2|a| 2 fi(X ff , 6X a ))v = 

Vff e E, \/X a e g« }, 

v Lue = yM n X( a{Xa + eX ^ X « + ^ " 2 M 2b ( x <*> GX a ))V- 

a e E,X a s 3a}, 



then Theorem l3.5l can be shown without using any result in g2j By Lemma l3~4l and a similar 
argument to the proof of Lemma l3~3l we can see that the definitions here are equivalent to 
those in Definitionl3.2l 



To finish the proof of Theorem ll.3l we shall show 

Theorem 3.15. For arty W-submoduleV ofV M , ri(Hom K (V,S(p c ))) Hom w (V M /V',S(a c )) 
if and only if V D V^ uble - 

It suffices to prove the necessity since Theorem O ,5l implies the sufficiency. 
We say an element in S(ac) — is W-harmonic if it is killed by d(f) for any 

/ G S(ac) w n 5(ac)ac- Let Jf?w(a) denote the set of W-harmonics. 

Proposition 3.16. The map 

S(0c) W ®^r(o)-» S (Oc) 

defined by multiplication is a VV '-module isomorphism. Moreover J^w(a) ^ C[W] as a 
W -module, where we consider the right-hand side as the left regular representation of W. 
Hence 



(3.16) Hom w (V M , 5(ac)) - s>/ ®Wom w {V M , J^ w (a)) * srf %m{<T) with m{&) = dim c V M . 
Proof See lHe2l Chapter III,Theorem 3.4] . [ 

The necessity of Theorem O . 1 5l follows form the next lemma: 



Lemma 3.17. Suppose $ e Hom K (V, S (? c )) satisfies T%(<&)[v] G Jtfy(a) for any v 6 V* 
Then r-(0)M = Ofor any v G V^. 



Proof of Lemma UJ7\ Recall the notation in Lemma l3. lOl and its proof. PutL tt = Yj C ,=i <5(£,) 2 . 
Notice that (I3.8i and (13. 9> are valid for any v e V. Hence for any u G V,ae Si, and X a G g ff , 
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a similar calculation to d3.9l > implies 

®[cr(X a + 6X a )(cr(X a + 6X a ) 2 - 2\a\ 2 B(X a , 9X a ))v](H) 
= a(Hfd(X a - 6X a ) 2 $>[o-(X a + 9X a )v](H) 

+ 2a(H)B(X a , 8X a )d(H a )®[o-(X a + 0X o )v](H) - 2\a\ 2 B(X a , 9X a )Q>[cr(X a + 6X a )v](H) 
= a(H) 2 d(X a - 0X o ) 2 $>[o-(X a + 6X a )v](H) 

+ 2a(H)B(X a , 9X a ) — ®[cr(X a + 9X a )v](H + tH a ) 

dt ,=o 

- 2a(H)\a\ 2 B(X a , 9X a )8(X a - 9X a )®[v](H) 
= a(H) 2 d(X a - 9X a f<5>[cr(X a + 9X a )v](H) 

+ 2a(H)B(X a , 9X a ) (\a\ 2 d(X a - 9X )<S>[v](H) + a(H)8(H )d(X a - 9X )<S>[v](H)) 

- 2a(H)\a\ 2 B(X a , 9X a )8(X a - 9X a )®[v](H) 

= a(H) 2 [d{X a - 9X a f<S>[o-(X a + 9X a )v](H) + 2B(X a , 9X a )d(H a )d(X a - 9X a )Q>[v\{H)) . 
It shows 

<t>[cr(X a + 9X a )(cr(X a + 9X a ) 2 - 2\a\ 2 B{X a , 9X a ))v]\ a 

= ^[p a {(r(X a + 9X a ){<r(X a + 9X a ) 2 - 2\a\ 2 B(X a ,9X a ))v)]\ a e a 2 0>(a). 

Since no element of a 2 & '(a) other than is killed by L a , we have 

TZmip^o-iXv + 9X a )(cr(X a + 9X a ) 2 - 2\a\ 2 B(X a , 9X a ))v)] = 0, 

and the lemma. □ 

We conclude this section by introducing a new class of Zf-types. 

Definition 3.18. We say a K-type (cr, V) is quasi-single-petaled when V^ le + 0. 

If g has real rank 1, then Lemma lTTl diil assures all the quasi-single-petaled /T-types are 
single-petaled and their number is finite by Corollary 12. 81 In general we have 

Proposition 3.19. The number of quasi-single-petaled K-types is finite. 

Proof. Suppose (cr, V) is quasi-single-petaled. Then it follows from Theorem l3.5l there is 
a nontrivial <D e Hom^(V,5(p c )) such that r^(<D)[u] e J#w(a) for any v e V M . Recall 
that the degree of an element of Jfw( a ) is n °t greater than the number of reflections in W, 
say, r (cf. [He2 Chapter III,Theorem 3.6]). Since y ( > maps a homogeneous element to a 
homogeneous element of the same degree, the degree of for each u e V is at most r. 
Hence V must be equivalent to an irreducible /f-subspace of {F e S (Pc); deg F < r). □ 

4. The Harish-Chandra homomorphism 

In this section we prove Theorem ll.4l Let us start with the definition of the degenerate 
affine Hecke algebra, which is due to [Lu|. 

Definition 4.1. Let k : Y,\ — > C be a multiplicity function. Then there exists uniquely (up 
to equivalence) an algebra Ht over C with the following properties: 
(i) H k =i S(a c ) ® C[W] as a C-linear space. 
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(ii) The maps 5(ac) — > Hk,/ h» / ® 1 and C[W] — > Hk, w i-> 1 ® w are algebra 
homomorphisms . 

(iii) (/ ® 1) • (1 ® w) = / ® w for any / e S (a c ) and w eW. 

(iv) (1 ® s a ) ■ ® 1) = ® s„ - k(o-) a;(£) for any a e If and £ e ac- Here s a e W is 
the reflection corresponding to a. 

We call Hk the degenerate afflne Hecke algebra associated to the data (ac, n, k). 

Remark 4.2. By we identify S(ac) and C[W] with subalgebras of Hk. Then (|Iv) is 
simply written as 

(4. 1) s a ■ £ = s a (f) ■ s a - k(ar) a({) Va e II V£ e a c . 

The center of Hk equals S(ac) w (|Lu Theorem 6.5]) as we stated in §J\ In this section we 
fix 

(4.2) k(a) = dim g ff + 2 dim $2a 

and drop the suffix k in Hk. Note that H is fully determined by the data (rt, a). 

As in ^ we define the left H-module Sh(Qc) by 11.91 . 
Lemma 4.3. Suppose a e II and put a(a) — {H e a; a(H) = 0). Then 

S H (a c ) = S(a(a) c ) • C[(a v ) 2 ] e S(a(a) c ) • C[(a v ) 2 ](a v + dimg„ + 2dimg 2a ,) 
is the decomposition into the eigenspaces of s a e H with eigenvalues 1,-1. 
Proof. Using J4.1> . we have 

s a (a v + k(a)) = -a v s a -k(a)-2 + k(a)s a = -(a x/ +k(a)) mod Y H(w-l). 

Il'£ff\{l| 

Likewise, 5 ff • (q ,v ) 2 = (a v ) 2 • s a , and s a • £ = £ • s a for £ e a(a). Now the lemma is clear. □ 

Corollary 4.4. Under the natural identification Sh(<*c) — S(ac) (see i0)> The space of 
W -fixed elements in Sh(Qc) equals S(ac) w . 

For a quasi-spherical K-type (cr, V) we shall investigate the map F°" in §l\ By virtue of 
Jl .31 we have 

Hornby, U(Qc)) = Hom/KV, symm(S(p c ))) Hom/KV, t/(g c )Jc)- 

Let {S d (v c ))7 =() ( res P- i^ fl '( a c))J = o) be the standard grading of S(y c ) (resp. S(a c )). It is 
easy to see 

d-\ 

(4.3) y ° symm(F) - ro (F) e JV(oc) e S d (p c ). 

!=0 

Therefore, as a corollary of Proposition l3.ll we get the following exact sequence: 

(4.4) -> Hom*(V, U(8cfc) -> Hom^V, C/(g c )) ^ Hom c (V M , 5 H (o c )). 

By the decomposition at = ©7 =() S(Pc)* n S<*(p c ) = ©7 =0 S(a c ) w ' n 5 d (ac), ^ is a 
graded algebra. Also, by the decompositions Hom/KV, 5(pc)) = ©J =0 Hom^(V, S d (p<c)) 
and Hom w (V M , 5 (a c )) = © J =0 Hom w (V M , 5 d (a c )), Horn* ( V, S (p c )) and Hom w (V M , 5 (a c )) 
are graded ^ -modules. Homogeneity of an element of these modules is defined in the 
usual way. 
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Lemma 4.5. There is a non-zero homogeneous element b e s$ such that b-Homw(V M , S(acJ) c 
r-(Hom^(y,5(p c ))). 

Proof. Note that is an integral domain. In view of \2.\\ and (13. 161 . both Hornby S (Pc)) 
and Homw(V M , S (ac)) are f ree -modules of the same rank and admit bases consisting of 
homogeneous elements. By Proposition l3.il rg" : Hornby, 5(Pc)) — > Homiy(V M , S(ac)) 
is an injective -homomorphism. Moreover, clearly IT maps a homogeneous element to a 
homogeneous element of the same degree. From these facts the lemma follows easily. □ 

Let the map p' T : V — > V M be as in the proof of Proposition l3.ll 

Lemma 4.6. For any ¥ e Hom^y C/(g c )) and ueV,y Q¥[v]) = r r ( x V)[p '(v)l 

Proof. Since M normalizes i'c and rtc, y is an M-homomorphism from E/(gc) to a trivial 
M-module S (etc). Hence the map Fsbh yOFM) e S(ac) is an M-homomorphism and 
the lemma follows. □ 

The sufficiency of the second statement of Theorem ll ,4l comes from 

Theorem 4.7. Suppose u e V¥ le . Then for any *F e Hom^y U(qc)) and icef, 

(4.5) r(¥)[w] = wrCP)[c], 

where the action ofw in the right-hand side is that on Sn(a.c). 

Proof. Suppose *¥ e Hom^(V, t/(gc))- For eac h a e II, we define $(a), g ss (aO, t ss (a), 
G ss (a), K ss (a), and M ss (a) as in the proof of Lemma l3.4l Recall a(a) — {H e a; a(H) = 0). 
Moreover, put 

3(a) = the center of g(ar), n a = V g^, f a = V{R(Z^ + OXp); p eI.\Za,X j3 e g^}. 

If we define the projection map 

U(q c ) = ((Tta)c^(Bc) + t/(9c)(t«)c + £/(9c)3(a)c) © tf(a(a) c + fl ss (aOc) 

Tff : 

— > £/(o(a) c + Bss(a)c), 

then y a is a ^ ss (a)-homomorphism and y o y a = y. Let f/(t ss (o')c)f = V (1) © • • ■ © V® be 
an irreducible decomposition as a A" ss (a)-module and v = i/- 1 ' + ■ ■ ■ + tP the corresponding 
decomposition. Then by the same argument as in the proof of Lemma l3~4l for each s = 
l,...,t, is considered as a single-petaled '/f-type' of the adjoint group of g ss (a) and i/ s) 
is a non-zero M ss (a)-fixed vector of V <s \ Let be the set of ^T ss (a)-harmonic elements 
in S(vc n g ss (a)c) and fix an arbitrary *F (s) e Hom ;rss((?) (y (s) , symm(JC)) \ {0}. Put S a = 
symm(5(p c n g ss (a)c)^ (a) ). Define *F. S e Ham XmM (V<>\ U(a(a) c + g ss (a)c)) by 

y<*) M y!> f/(g c ) Zl> C/(a(a) c + g ss (a) c ). 

Since 

Hom^ w (y (s) , f/(a(a) c + g„(a) c )) - Hom^ sW (y (s) , f/(g ss (a) c )) ® 5(a(a) c ), 
Hom^ w (y ( ' 5) , t/(g ss (a) c )) - Hom^ (ff) (y (s) , f/(g ss (a) c )I ss (a)c) 

© Hom A : ssW (y (l) , symm(^)) ®S a , 

Hom^ sW (y (j) ,symm(^)) = CT W , 
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we can choose fi,...,f^ e S(a(a)c) and D\, . ...D^ e S a so that - *P (s) (Di/i + • ■ ■ + 
D p / M ) e Hom^CF^, C/(a(a)c + 8s,(a)c)W<*)c). Then by LemmaEl 

r^mcp^)] = r(^[^' 5) ]) = r(^ (I) [^ s) ]) ■ (r(£»i)/i + • • • +rCfWA 

7(£>i)/i + • ■ ■ + r(^).^ e 5(a(a) c ) • C[(a v ) 2 ]. 

Now by Corollary 12.81 each V-"' is either the trivial K sti {a)-type or a ^T ss (a:)-type appear- 
ing in (Ad, pc n g ss (Q')c)- Suppose V (s) is the trivial K ss {a)-type. Then it follows from 
LemmaO©, © that y is a scalar. Hence by LemmalO s a r T { x ¥)[p' T {if s) )\ = 

r cr ( v I')[/7 cr (y^- ) )]. On the other hand, suppose (Ad, Pc n g ss (a)c) is a ^T ss (a)-type appearing 
in (Ad, Pc n g ss (cr)c)- This time it follows from Lemma l2~7l ( H\l . {v) that y (Y^ft/^]) equals 
ff v +dim g a +2 dim a,2a up to a scalar multiple. Hence Lemma l4~3l implies s a T^(^[p^\y ( - s A] = 
—T^Q¥)[p*\^'A]. Also, in this case s a v^ = -t/ s) by Theorem l2.6l Thus, in either case 
we get r lT ( x ¥)[p' T [s a v , - s) )] = s a r r QP)[p a '{v {,) )] for each s = 1, . . . , t. Hence r°"(T)[* a i;] = 
r r CF)[p a '(s a tP- ) + ■■■ + s a tftA] = s a T cr ( } ¥)[v] for each a e n, which assures 103} for any 

W € W. □ 

Suppose a e n and retain the notation of the proof of Theorem l4.7l We say a K &s (a)- 
type (o J , V) is quasi-spherical if V has a non-zero M^aO-fixed vector. A quasi-spherical 
^(aO-type is naturally identified with a quasi-spherical '/f-type' of the adjoint group of 
g ss (a). Choose X a e g ff so that B(X a ,6X a ) = and put Z = V^LY a + yf-l6X a . 

According to Lemma |2~71 dill, for each quasi-spherical ,7if ss (ar)-type (cr 1 , V) we define the 
integer e(cr') as the largest eigenvalue of cr'(Z). If we decompose the /T ss (o')-module 
U(i ss (a)c)V M into irreducible submodules, then each submodule is quasi-spherical. In 
fact, if the corresponding decomposition of a given v e V M is v = i> (1) + 1/ 2) + ■ • • , then each 

(s = 1, 2, . . .) is an M ss (a)-fixed vector. Let us consider the direct sum decomposition 

u(Ua)cW M = v m e Vm e ■ • • e v [k] , 

where V[ S ] (s = 1, . . . ,k) is the sum of all irreducible /T ss (a)-submodules which are isomor- 
phic to some ^T ss (a)-type (cr', V) with |e(o~')| = s. 

Lemma 4.8. ^(v£«)n^(v£<») = andp"(v^ + • • • + Vjj-<») c V*^ More- 

over, 

(4.6) 

^double - ^ ^double M P \ V [0] ) W V double M P jJ + P l/[2] + + Mi] J" 

Proof. From Lemma l2~7H nl. dml and the inclusion relation 

we have k c V^" © V^' (a> . Let (•, -)y be a ^-invariant Hermitian inner product 
on V. Then the proof of Lemma 1331 savs the orthogonal complement (V^ ngle ) ± of V s ^ gIe 
in V M equals V^. Since (V^,p^(V m + ■■■ + V m )) v = (V*^, V m +■■■ + V w ) v c 
(V m + V m , V m + • ■ ■ + V m ) Y = 0, p<r(V [2] + ■■■ + V [k] ) c (V^ = V^ uble . On the other 
hand, it follows from Lemma I2~71 (lv1 and Theorem 12. 61 that s a acts on V^* and 
by +1 and -1, respectively. But since p°" : V — > V M is an A^A:(ci)-homomorphism, s a 
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acts on p^yV^ J and P^yV^ ) by +1 and -1, respectively. Hence the decomposition 
of y dlbie n P^W + V m ) = V d ^ uble n p^f a) + V^ (a) ) into the eigenspaces of s a is 
VLu e n ^(VS- W ) © ^ubie " WvS- W ). We thus get 

^uble=^ubl e n^(V [ ] + --- + V W ) 

= V&te n p-(V [0] + V m ) + pT(y m + ■■■ + V [k] ) 

= (vLu e n ^(v^ 3 ) e vl ble n ^(v*-«)) + + . . . + . □ 

The necessity of the second statement of Theorem ! 1 .4l follows from the next proposition: 

Proposition 4.9. Suppose V^ uble + 0. Then (14.511 does not hold for a suitable combination 
°f v e ySLa* weWand^e Hom*( V, t/( 9c )). 

Proof. By the assumption of the proposition, there exists a e n for which Vpj + ■ • • + Vpt] 
in the above argument is not 0. Take s (2 < s < k) so that V[ S ] + 0. Fix an irreducible 
# ss (a)-submodule V Q of V [s] and u e V ( f ss(Q ° \ {0}. 

First, we shall show p°"(u ) * 0. For this, let U(l ss (a))V M = V (1) e V (2) • • • be an 
irreducible decomposition as a /f ss (a)-module such that V (1) = Vo and each component is 
orthogonal to the other components with respect to a ^-invariant Hermitian inner product 
(•, -)v on V. If v — + i/ 2) + • • • is the corresponding decomposition of any v e V M , then 
each y (s) (s - 1, 2, . . .) is an M ss (a)-fixed vector. Since V M generates f/({ ss (a)c)V M , there 
exists v e V M such that + 0. Since dime V = 1, v m = cvq for some constant c + 0. 
Now (y,/7 tr (yo))v = («, i>o)v = (^ 13 > y o)v = c(i>o, uo)v ^ 0, which proves p^ivo) + 0. 

Choose a homogeneous <p e Homw(V M , S (ac)) so that flp^ivo)] + 0. Let b G .2/ be the 
homogeneous element in Lemma l4~5l Then YZ (<!>) - b ■ if for some <t> € Homx(y, 5 (Pc))- 
Put m = symmoO e Hom^V, i/(gc))- Since O is homogeneous and yo^t^o]) = b ■ 
<p[p a (va)] * 0, gjJ implies y("FM) # 0. 

Let y a , 5 a , be the same as in the proof of Theorem 14.71 Fix an arbitrary *¥° e 
Hom KsAa) (V Q , symm(^)) \ {0} and define *P e Hom^^Vo, U(a(a) c + g ss (a)c)) by 

V ^ V -> U(q c ) C/(a(a) c + g ss (a)c). 

Then, as in the proof of Theorem l4.7l we can choose f\, . . . , f M e S (o(or)c) and D\, . . . , e 
S a so that ¥ - T^Dj/i + ■ ■ • + D^) e Hom Kss(a) (V lh U(a(a) c + g ss (a) c )t ss (a) c ). Hence 

rmvoJ) = rPPoM = r(*°M ■ WWi + ■ ■ ■ + «). 

r(Oi)/i + • ■ ■ + 7(W e 5(a(a) c ) ■ C[(a v ) 2 ]. 

From Lemma l2~7l ( H\l . there is a pair (i,j) of non-negative integers with 2i + j = s (> 2) 
such that y \^\va\ \ equals 

(4.7) [Qi + 6)(h + 6 + 2)---(h + 6 + 2(i + j) - 2)] ■ [(h + l)(h + 3) • • • (h + 2i - 1)] 

up to a scalar multiple (here h — ^ + d '™ 9 ° e S(ac) and 5 = dimg2a-)- Since it is 
clear that y^Mj.^y^fa)]) « C[(a v ) 2 ], we have r (T[u ]) = F^t//^,)] « 
5(a(a) c )-C[(o' v ) 2 ] U 5(o(a) c )-C[(a' v ) 2 ](a v +dimg Q , + 2dimg2 Q .). Hence from LemmalO 
s a r r Q¥)[p°'(v )] + +r tr ( 4 F)[p cr (t;o)]. On the other hand, since dim c Y^ Aa) = 1, we have 
s a \)Q = i^o and therefore s Q .// r (uo) = ±P <T (f ; o)- D 
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Remark 4. 10. In the above proof we can say s a /?°Xuo) = (— lYp^ivo). Indeed, if we choose 
O e HoniA: ss ( a )(Vo, Jt? a ) so that ^F = symmo<J>°, then it is a homogeneous element by 
Lemma 100. Hence from {DJ and g3> To (#>(>]) = c (t)* 

for some non-zero 

constant C. With respect to the ordinary action of s a on C[a v ], 

,(o°[^ ]) = wo(^w) = ^ c (y) = (_1)IC (t) = ^Kk- 1 )'^)' 

Thus we have s a vo = (— 1) s vq, which shows our claim. 

In the rest of this section we shall prove the following theorem, which is considered as 
a non-commutative counterpart of Theorem l3.5l 



7o ! 




Theorem 4.11. For any £ Hom w (V M /y^ uble , 5 H (a c )) there exists ¥ e Uom K (V, Ufa)) 
such that r°"(*) = \p. 

Suppose V c V M is an arbitrary W-submodule. Let t*, denote the map 
Hom c (y M ,5 H (a c )) 3 (A ^ t/V e Hom c (y',5 H (a c )) 

or the map 

Uom w (V M , Sfa)) s^h p| v , e Hom w (V,S(ctc)). 
Under the natural identification Sufa) - S(a c ), put S^fa) = Hf =0 5'(a c ) (d = 0, 1, . . .). 
Then Homc(V, 5h(oc)) nas the natural filtration {Homc(V, 5^(ac))}^L wmcn it is 
considered as a filtered ,sz/ -module. For each iff e Homc(V, Sh(<Jc)) P ut 

d if .A e Hom c (V',S£(a c )) \ Hom c (V ,S d H l (a c )), 
-oo if (/r = 0. 
-oo, 0, 1, . . ., define the natural map 

9d : Uom c (V',S d H (a c )) — » Hom c (V, S d (a c )). 
Lemma 4.12. For any *P e Hom^V, C/(g c )), t * ( o e Ham w (V£ tfe , 1 SH(ae)). For 

a«y <A 6 Ho miv (y s f ngle ,5 H (ac)) vwrt d = degiA, ft (0r) e Hom^CF^.S^ac)). 
Proof. The first assertion is due to Theorem l4.7l The second assertion follows from the 

, i projection , 

fact that the map SgfOc) - 2" = o^'( a c) > S (dc) is a W-homomorphism, which is 

easily checked by use of J4. 1 i and ( II. 9> . □ 

Lemma 4.13. For any ¥ e Hom^V, Ufa)), put iff := t # oT^CP) e Hom c (V d « ble , 5 H (a c )) 

double 

andd = degi/r. TTien ^(^) e Hom^V^^, S d (a c )). 

Proof. We shall check for any a € EL and u € V^ uble , 

(4.8) q d (ip)[s a u] = s a q d (if/)[v]. 

For this, fix a e II and consider the decomposition J4.6I . 

Take an arbitrary irreducible /^(o/t-submodule Vo c V[ s ] (s =2,3,.. .) and vq e y^ ss< - a \ 
Then for the same reason as the proofs of Theorem l4.7l and Proposition l4.9l there are some 
non-negative integers i,j with 2i + j = s and some Do e S(a(a)c) ■ C[(a v ) 2 ] such that 

V r (W)[p a '(v )] = D ■ [(h + 8){h + 6+ 2) ■ ■ ■ (h + 8 + 2(i + j) - 2)] • [(h + l)(h + 3) • • ■ (h + 2i - 1)]. 
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(Recall h = \ + ^P 2 e S(ac) and 5 = dim a,2a-) Therefore there exists a homogeneous 
element D in S(a(a) c ) • C[(a v ) 2 ] such that 

(V \ s 
Y 

Hence s a q d ty)[p< r (v )] = {-\) s qM)^ i^)]. But since VP^o) = (-1)» ) by Re- 
mark l4.10l J4~8l is valid for v = p^ivo). 

Secondly, let V (1) © • ■ ■ © V w be an irreducible decomposition of the A' ss (o')-module 
V m . Suppose v m e V^ (a) satisfies p°~(v m ) e V^ uble and let v m = + ■•• + u« be 

the decomposition according to the above decomposition. Since v (s> e [V w j (s — 
1, . . .,f), as in the proof of TheoremlO there exist D\,.,.,D,e S(a(a) c ) • C[(a v ) 2 ] such 
that 

rfP)[/(i) W )] = D s (a v + dimg„ + 2dimg 2 «) s = 1, . . . , t. 
Hence there exists a homogeneous element D in S(a(a)c) ■ C[(a v ) 2 ] such that 

^Wb>[i])] = 5ff v . 

Since s a: /> Xu[i]) = -p a (v[\]) and s a Da^ = -Da v , ( 14. 8t is valid for o = 

Similarly, we can show for any i> e V^ uble n p' T (V [ ^ ss(o ' ) ). Hence from gg) 

■M 

double ' 



is valid for any u € , , . □ 



Lemma 4.14. For any t/r e Hom w (V^ n le ,5 H (a c )) \ {0} there exists *F € Hom^y t/(g c )) 
t* 1^^ = ^ deg£# M or T (^)<deg(A. 

single double 

Proof. Put of = deg i/'. Assume that for some i e \d + l,d,d - 1 , . . . , 1 } we already have 
e Hornby U(g c )) such that 

deg(^- t * »r(d<i, deg t * oV r (¥d<d. 

\ single / double 

Then from LemmaES] we get m := ?w (iA - i* M _ o I^OF,)) € Hom w (y^ gle , S'-^Oc)). 
Since V s f ngle - V M /V d l ble , we identify ^ w with an element of Hom w (V M /V^ b]e , 5 "(ac)). 
Then by Theorem l3.5l there exists a unique <t>,_i e Hom^(V, S '~'(Pc)) such that IT = 
. In view of ( I4.3i we see deg r°~(symm o 0,_i) < i — 1 and 

o t^o r-(symm o <&,■_,) = t^fa-i) = «m («A " ° ^i)) - 

° tt« ° r°"(symm o 0,_i) = i* M (^n) = 0. 

double v double 

Hence, degi* M o r°"(symm o 0,_i) < i — 1 and if we put = + symm o then 

•double 

deg^-£^ h or r (¥ i _ 1 ))</-l. 

Thus, if we start with ^d+i '■= and define *Fd, *¥d-\, • ■ • as above, then *F := To satisfies 
the desired properties. □ 

Proof of Theorem U. 11\ Put m = dime V M and m' = dime y*f lele - Take a basis {<p m >+i, . . . , <p m 
of Hom w (y M /y^ gle , J^w(a)) so that each tp, is homogeneous (note that J#w(a) =s C[W]). 
Let b e ja^ be the homogeneous element in Lemma R31 Then there exist <D m '+i, . . . , O m e 
HomA:(y 5 (pc)) such that r°"(0,-) = b-tpi. Put d ; = deg ^ (i - m' + 1 , . . . , m) and do = deg b. 
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Owing to (14. 3> . Lemma l4.12l and Lemma l4.14l by modifying symm o<B m /+i, . . . , symm o(J) m 
in lower-order terms, we can get *P m <+i, . . . , ^P,,, e Hom^(V, C/(gc)) which satisfy for each 
i = m' + 1, . . . ,m, 
(4.9) 

deg FTO = deg <D, = 4 + 9**4 ° 4« ° = A • t* t* ° T^) = 0. 

v double ' double v single 

Put ^ = t* o r ff (Hornby t/(9c)))- Then by P51 . it is a submodule of the filtered 

"double _____ 

^-moduleHomc(y d ^ uble ,5 H (ac)). Also from LemmaES gr J( c Hom w (V« uble ,S(a c )). 
Since gr . 



is finitely generated over s$ ' , we can take , . . . , e Hornby, U (flc)) so that 

| /.'I <i£Z>i-\ t-£Z>i' ur //,/ mrar /Iiq i-o ,-7. • — i$ 



. k) generates gr j$ over si (here j,- := deg i M or°"( 1 P i ))- Now, 

double 



from (II. 3> we have I/fSc)* = symm(S (Pc)*) © (8c) X n ^ (Sc)fc- Hence by the exactness 
of i ll . It . y gives the isomorphism symm(5(pc) A: ) S(&c) ■ For eac h a e si = S(ac) w , 
we denote by a the unique element of symm(5'(pc) /r ) such that y{a) = a. Then for any 
*P G Hom^-(V, £/ (flc))' there exist ai, . . . , € ^ with deg Q[ < deg l** m o r^OF) - J, such 

•double 

that i* o I^CP - *p iai = 0. Now since {t* (tpd; i = m' + 1, . . . ,m] 

(louble ciouble 

is a basis of Homw(V^ uble ,S(oc)) over we can take homogeneous elements € 
(i = 1, . . . , k, s = m f + 1, . . . , m) so that 

m 

' 'double ^— ' 'ilc 



(^), d; = deg fo« + d s or b, s = 0. 



Put % := <Pi S - 2™ m , +1 g is . Then from gj, deg t* o T cr (*,) < deg fc + 4 Hence 

double 

there exist ay e jz/ (i,j = !,...,&) with deg ay < deg Jo + J; - dy such that 



of" 



./=! 



= 0. 



Let us define the si -valued k x Ar-matrix A := diag(fo, . . .,b) - (aij)\<ij<k- By estimating 
the degree of each coefficient of A, we can easily see det A + 0. Let A = (5,y)i<, j<A be the 
cofactor matrix of A. Observe that 

' k m 

(4.10) 4« bl ° r " *rdetA-^ 2 

V /=! j=m'+l 

Now let if, e Hom vv (y M /y^ uble ,5 H (ac)). ByLemma| 
such that L # yM 



I4| there is ¥ e Hom^y t/(g c )) 



1"! 



, o r°"( > P) = t* (i/r). Then we can take a u . . . , a k 6 si so that i* o r°"(T • 

igle ^single 'double 

'PA) = 0. Hence if we put 



¥'=T detA-^2 }^ ^ 

1=1 /=! s=m'+l 

o r^cp') 

namely, r°"0P') = detA • if/. Hence if we put /={ce 



then from J4.9I > and J4. 10b we have i* 



Wandt* °r-(¥') = 0, 



; C ^eP(Hom x (l/(7(3 C )))), 
then 3 det a ^ 0. Note that J is an ideal of si. 

In order to complete the proof, it suffices to show J' = si . Assume ^ c si. From 
inside si \ {0}, take an element c so that it has the lowest degree. Then by assumption, c is 
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not a constant. Let *P" e Hornby, U(qc)) be such that 

With respect to a basis . . . ,*P m } of Hornby, sy mm( JffkiP))) and a basis . . ., v m ] 
of y M , we define the matrix P' T = (70 ^[u/Disijsm as in 5j2] By virtue of Corollary 12. 21 
and the exactness of J4.4I >. we can take e\,...,e m e so that y ¥" - T^ei - ■ ■ ■ - *P m e m e 
Hom K (V, U(Qc)k)- Then we have P"(¥i) e\ +■■■ + r°"CP m ) e m = c ■ ^, which, using F 7 , 
are rewritten as 



(4.11) 



We assert that if A £ oj, satisfies c(/l) = 0, then ei(/l) = • • • = e„,(/l) = 0. To show this, 
suppose A e aj, satisfies c(A) = 0. Then there exists w e W such that Re(wA, a) > for 
any a e 2 + . Since c£^ = S(ac) w ', c(/l) = implies c(w/l) = 0. Evaluating both sides of 
fl4. 1 li at wA, we have 

?i(w/l)) (0\ 



'e{ 








— C 











P^iwA) 



0) 



\e m (wA)J 

Then e\(wA) — ■ ■ ■ — e m (wA) = since P <r (wA) is a regular matrix by Proposition 12.31 
Because e\,.. . ,e m e 80 = S(ac) w , <?i(/l) = ■ ■ ■ = e m (A) = 0. Thus we get the assertion. 

Now, is isomorphic to a polynomial ring (|He2] Ch. Ill, Theorem 3.1]) and a maximal 
ideal of stf equals {f 6 stf\ f(A) = 0} for some A e oj, ([ibid., Ch. Ill, Lemma 3.11]). Hence 
by the fact shown above, e j (j — 1 , . . . , m) are divisible by any irreducible factor cq of c. 
Let c', e[, , . . , e' m e be such that c - c'c , ej = e' cq and put W" = ^\e\ + ■ ■ ■ + ¥ m 8' m . 
Then we have 

r°-(^'") = c ' • ^, deg c < deg c, c' + 0. 
It contradicts the minimality of the degree of c. Thus we get ,f — si . □ 

5. Complex semisimple Lie algebras 

Suppose g is a complex semisimple Lie algebra with complex structure J. In this case 
one has G = G a d = Gg. Throughout this section we use the symbols U, it, I)r, and I) in 
place of K, f, a, and m + a, respectively. Then I) is a Cartan subalgebra. Extend each 
a e 2 to a complex linear form on I) and put p - \ Z<«=£ + By the unitary trick, 

a f/-type (cr, V) is naturally identified with a finite-dimensional irreducible holomorphic 
representation of G. Since M = exp(Jt)n), V M equals V^, the space of 0-weight vectors. 
Hence in this section, we denote V^L le and V^ uble by ^ and V? bl , respectively. One 
knows each finite-dimensional irreducible holomorphic representation (cr, V) of G satisfies 
V 1 ' + 0. This means all U -types are quasi-spherical. From now on we always assume a 
representation of G is holomorphic. 

Proposition 5.1. For any finite-dimensional irreducible representation (cr, V) of G, 

{ v e V 1 '; cr(X a fv = VaeS, VX a e g a ' 



(5.1) 



V 



single 
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( 5 - 2 ) double = V " n Z( ^) 2y ; a 6 E ' Z « 6 9- }■ 

Proof. Suppose u e V 1 ' and or e E. Choose X a e g„ so that B(X a ,0X o ) = -jj^p- P ut 
Z = ^lX a + yf^OXa e u c and Z' = + J9X a e 7u c g. Then cr(Z) = cr(Z'). 
Denote by sl a (2, C) the three-dimensional simple subalgebra spanned by \X a , a v , 0X a ) over 
Cj := R RJ. We identify sl ff (2, C) with sl(2, C) by the following correspondence: 

H?J)- -"-(J -.)• MAS 

Let E/(sI tt (2, C))u = V (1) + . . . + V w be an irreducible decomposition as an 5^(2, C)-module 
and v = + ■ ■ • + d w the corresponding decomposition. Then for each s = 1, . . . , f, we 
have £ and cr(a v )i/ s) = 0. If we put d s = dim^ V ( ' !) , then by the representation 
theory of sl(2, C), we can make the following identification: 

d,-l 

V (s) = J^Cx^-y cC[x,y], 

i=0 

1 / d d \ v d d 
o-(X a + 6X a )\ v w = -- [y— - x— , o-(a )|yw = -x— + y—. 

2 \ ox ay j ox oy 

We see x ds ~ l ~'y' is a <x(a v )-eigenvector with eigenvalue 2i + 1 - d s and because cr(a v )y (s) = 
0, d s is necessarily odd. On the other hand, if we put z — x + y—ly, z = x - y—ly, 
then V (s) = Z d il l Cz* -1- '? and z d »" 1_i f' is a cr(X a + 6»X ff )-eigenvector with eigenvalue 
^(d s - 1 - 20. Also, v (s) equals 

_ d s -\ r, « d s -\ 

(z + z) 2 (z-z) 2 = (z - z ) 1 

up to a scalar multiple. Since o-(Z')z d <~ 1 = -^-z 4-1 and o-(Z')z* _1 = ^-z* -1 , it 
follows that 

cr(Z')(cr(Z') 2 - l)v (s) =0&d s = loTd s = 3& cr(X a )V s) = 0. 

Thus we get cr(Z)(cr(Z) 2 - l)v o o-(X a ) 2 u = 0, which proves ( 15. 11 1. 

To prove (15. 2> it suffices to show with respect to a f/-invariant Hermitian inner product 
(■, -)v on V, V^gjg equals the orthogonal complement of V^oubie in V X) . But it can be checked 
in a quite similar way to the proof of Lemma l33l □ 

As a consequence of this proposition, the condition that V l) = V^ in [e is equivalent to the 
condition that twice a root is not a weight of (<x, V). Hence we get 

Corollary 5.2. A single-petaled U-type (o~, V) is nothing but an irreducible small repre- 
sentation ofG in the sense q/|Br|. 

Definition 5.3. We say an irreducible representation (cr, V) of G is quasi-small when 
^single ^ 0> mat i s ' (°"> JO i s quasi-single-petaled as a £/ -type. 

Since 6> is the conjugation map of g with respect to the real form u, the f/-homomorphism 



idefl 



i - V-T/ l + V-T/ 



g e g > g e g > g ® g = g c 
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gives an isomorphism g©g - 9c of complex Lie algebras. If we identify these two complex 
Lie algebras, then their subspaces correspond in the following way: 

{(X, OX); legjH 8 , Ag := {(X, X); Zsgjouc, 

(5.3) Vg := {(X, -X); X e g) «-» (Ju) c , \(H, -H); H e f)} «-» (h R ) c , 

{(X, -X); X e ft + rt} <-> (I)r)c, tt © ft <-> n c . 

Here (fog) is the orthogonal complement of E)r in /u and ft = Extend the U -isomorphism 
770 : g 3 X h-> e Vg ^ (/u)c to the algebra isomorphism 770 : 5(g) ^ 5(Vg) 

5((/u)c). Then the restriction of 770 to 5(f)) gives an isomorphism 5(f)) 5((I)r)c). We 
denote its inverse by ^o- Clearly ^0 commutes with the W-actions. As a variation of the 
map y : S((Ju) c ) -» 5((f) R ) c ), define the map 

To := *o 7o 70 : S (g) -> 5 (I)). 

Then II. 21 induces the algebra isomorphism yo : 5(g) G 5(1))^, by which we identify 
the two algebras and denote both of them by the same symbol s$. Note that by 15. 3i 70 is 
reduced to the projection map 

S(a) = S»)©S(8)(n + it)-»Sft). 

Now the result of |Br| is generalized to the case of a quasi-small representation as follows: 

Theorem 5.4. For a finite-dimensional irreducible representation (c, V) of G, define the 
map 

t% : Hom G (V,5(g)) aOwjie Hom w (V\ 5 (f))) 
50 f/zaf f/ie image tp is given by the composition 

tp : V h ^ V ^ 5(g) 5(1)). 

r/ien IT 75 an injective stf ' -homomorphism (clearly Homc(V, 5(g)) and Homiy(V, 5(f))) 
have natural ,$/ -module structures). On the other hand, IT is surjective if and only if(o~, V) 
is small. Furthermore, for any tp e Homw(V l> /V^ ouUe , S (ly)) there exists <D e Homc(V,5(g)) 
such that f J(O) = 95. 

Proof. The theorem follows immediately from the results of ^5] and the fact that coin- 
cides with the composition 

Hom G (V,5(g)) = Ho m£/ (V,5(g)) ^ Hornby, 5 ((/u) c )) 

A Hom^(V 6 ,5((Wc)) Hornby", 5(f))). □ 
Definition 5.5. We define the map 7 of t/(g) into 5 (f)) by the projection 

(5.4) I/(a) = (nt/(g) + t/(g)n) © C/(f)) -» l/ft) - 5(f)) 
followed by the translation 

Sft)3/(i)H/(l-p)eS(f,). 

Here we identified 5 (f)) with the space of holomorphic polynomials on the (complex) dual 
space f)* of f). 

Lemma 5.6. For any D x e U(g)andD 2 e i/(g)", y(D x D 2 ) = y(D 2 D{) = y(D x )y(D 2 ). 
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Proof. Let D\ and D 2 be the images of D\ and D 2 under the projection ( 15. 41 . respectively. 
Since C/(g) = nC/(fi+^)e(I/ft) + C/(g)n) = (nt/(g) + I/(I)))©C/(b+n)n as an ad(f))-module, 
we have D 2 e (£/(!)) + £/(g)n) n (ni/(g) + i/(h)). Hence = D X D 2 (mod t/(g)n) 

and D 2 D X = D 2 D X (mod ftt/(g)). Since [n,t)] = rt, [h,n] = ii, we get D X D 2 = D X D 2 
(mod nU(g,) + t/(g)n) and D 2 D X = D 2 Di (mod nt/(g) + t/(g)rt). □ 

The isomorphism gffig - gc induces the algebra isomorphism f/(g)® C/(g) = t/(g©g) ^ 
t^(gc)> which clearly commutes with the {/-actions. Define the map 77 : t/(g) 3 D i-> 
1 ® D e C/(g) ® t/(g) ^ £/(g<c)- Then we obtain the direct sum decomposition 

(5.5) t/(g c ) = t/(g c )u c © 77 (U(Q)) - (tf(fl © g)Ag) © (1 ® C/(g)) 
as a {/-module. 

Lemma 5.7. Under the composition map 

(5.6) C7(g) ^ t/(g c ) ^ S((fc)c) ^ SO), 
f/te image ofD 6 t/(g) equals y(D) 

Proo/ For De £/(g) and Xeti 

?7(DX) = \®DX = (1®Z)) + 1)-(X® 1) -(1®D). 

Hence by Q 7/(t/(g)n) c (1 ® t/(g)) Ag + (n® 1)(1 ® 17(g)) c t/(g c )u c + n c t/(g c ). 
Also, since ?7(ftC7(g)) = (1 ® ft) (1 ® E/(g)) c n c t/(gc), we have 7 o rj(nU(o) + t/(g)n) = 0. 
On the other hand, if / e 5(1)) t/(h) and H e h, then r/(/ • #) = (1 ® /) ■ (1 ® f + § ® 
1) + (1 ® f - f ® 1) • (1 ® f) = 770(f) /?(/) (mod C/(g c )u C ). Hence for any /(A) e 5(1)), 
tfifW) = 7o(/(|)) (mod t/(gc)uc). In addition, by the correspondence 

(5.7) m {H x +JH 2 ) = (-H X -JH 2 ,H X +JH 2 ) <-> -H X -^P\H 2 e (Wc Vtfi,# 2 € h R , 

we have 77o(/(- - 2p)) = (r]o(f))(- + p) for / e 5(1)). Therefore d5.6i maps / e 5(1)) in the 
following way: 

r,^ ' projection to S((l) R )c) / p-shift / //I - 2p\\ ;t<o „//} _\ 

- 7(/W) » 70 (/ ( 2)) > 70 (/ (— jj - / ( 2 - P) • 

Since this image is K/) (f )> we get the lemma. □ 

By the multiplicity function k : I 3 ff h -1 e C, we define the degenerate affine Hecke 
algebra associated to the data (I), n, k) as in Definition ^. H and denote it simply by H. 
The key relations in H are 

s a ■ € = s a (g) ■ s a + or© VaenV^e I). 

As in the case of 5h((I)r)c) — 5((l) );.). the left H-module 

5 fl (W:=H / H(w-l) 

weW\iH 

is naturally identified with 5 (I)) as a left 5 (l))-module and under this identification the space 
of W-fixed elements in 5g(I)) equals 5(I)) W . 
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Lemma 5.8. The map 

S H ((Wc) - S(O)r)c) ^ 5® 3 /(i) ^ /(2i) e 5(D) - S fl (W 
commutes with the ~W -actions. 

Proof. Let a € II and put I)r(o') = {H e h R ; = 0}. Then from Lemma B31 the 

eigenspaces of s a in Sh((Wc) are 

S(Ma)c) ■ C[(a v ) 2 ], S(Ma)c) ■ C[(a v ) 2 ](a v + 2), 

which have eigenvalues 1,-1, respectively. If we apply the map in the lemma to them, 
then by i5.H their images are respectively 

S (Ma) Cy) • Cy[(a v ) 2 ], S (Ma) Cy) • Cy[(a v ) 2 ](a v - 1), 

where Cy = R © RJ. They, in turn, are shown to be the eigenspaces of s a in S^l)) with 
eigenvalues 1,-1 by the same argument as the proof of Lemma l4~3l □ 

Now in view of i5.5\ . Lemma ISTl and Lemma l5~8l the results of §@]give the following 
generalization of the Harish-Chandra isomorphism: 

Theorem 5.9. For a finite-dimensional irreducible representation (o~, V) of G, define the 
map 

f ff : Hom G (V, [7(g)) b ¥ ^ if/ e Homc(^,S a (l))) 
so that the image iff is given by the composition 

,p, y<> ^ yl, 5(g) ft)aS fl ft). 

Then we have 

(i) r°" is injective. 

(ii) For any if/ £ Hom w (y f, /V^ ouble , 5g(h)) f/iere exists *F £ Hom G (V, C/(g)) smc/i f/iaf 
r a C¥) = iff. 

(iii) r°" (Hom G (V, t/(g))) c Hom^V 1 ', S g(I))) if and only if(cr, V) is small. If this condi- 
tion is satisfied, then from (01, © we have the isomorphism 

(5.8) T* : Hom G (V, f/(g)) ^ Hom w (V 5 , S fl ft)). 

(iv) /« particular, for the trivial representation (triv, C), the mapT tm : Hom G (triv, t/(g)) — 
Homv)/(triv, 5g(I))) is essentially equal to the classical Harish-Chandra isomorphism 

f.U(sf^S(i,) w , 

Since it is an algebra isomorphism by Lemma 13761 in addition to S(q) g and S(l)) w , 
we denote U(q) g also by s/. 

(v) For a general (cr, V), Hom G (V, t/(g)) and Homc(V i) , SgO))) have the natural si- 
module structures which are intertwined by F° '. Especially, if (cr, V) is small, then 
J5.8I > is an si -module isomorphism. 

In the rest of this section, we never refer to gc an d consider g itself to be defined over 
C by letting J = V— L Let B(-, •) be the Killing form for the complex Lie algebra g 
and «•, •» the bilinear form on J)* X f)* induced by B(-, ■). Note that B(-, ■) = 2 Re B(-, ■). 
Clearly, each irreducible constituent of the adjoint representation (Ad, g) is small and g 1 ' = t) 



28 



HIROSHI ODA 



is the reflection representation (ref, f)) of W. More generally, all the irreducible small 
representations of each type of complex simple Lie algebra are listed in | Re2 Re3 1 (the 
classification is also given in [Od |). As for quasi-small representations we have 

Proposition 5.10. Let (o~p, Vp) be the finite-dimensional irreducible representation with 
highest weight p and (cr, V) an arbitrary irreducible quasi-small representation. Then 
(cr, V) is isomorphic to an irreducible constituent of the G-module End Vp — Vp ® Vp. 
Moreover, the multiplicity of (cr, V) in End Vp is 

dim c {v e V 1 '; o-(X a fv = Va e n, VX„ e g ff ). 

Proof. For any finite-dimensional irreducible representation (cr, V) of G, put V''(n) := [v e 
V"; cr(X a ) 2 v = Va e IL MX a e g ff }. Then the multiplicity of (cr, V) in End Vp equals 
dim c V 6 (n) ( IRell 4.3], IKo4l Theorem 47]). In particular, if (cr, V) is quasi-small, then 

Let £ = dime h. Then one has A 3 - (End Vp) as G-modules (see IKo4l IRell ). 
Hence each irreducible quasi-small representation appears also in A 3- Related to this, we 
have the following: For k = 0, we consider the G-module (cr, V) = (f\ k Ad, A* 9)- 
Although it may be reducible, we define V", V b , , V* u , , and P 7 " as in the irreducible 

° ' single' double 

case. Observe that AH c VJ fe , Let ■) be the unique G-invariant non-degenerate 
symmetric bilinear form on V x V such that 

Bk( u \ A •• • A Kjfc,i>i A • •• A v k ) = det Uy))^. -<fc . 

Since Bk(\ is non-degenerate both on V 6 x V 1 ' and on f\ k \)X f\ k I), we can define the 
orthogonal complement (A k ^)) ± of A* I) m V' with respect to Bk(-,-). It is easy to see 
^double c (AH)""- Therefore it follows fr om Theorem 15.91 (01, © that for any if/ e 
Hom w (V*/(A* &)"\ SfiGO) there exists a unique ¥ € Hom G (V, [7(g)) such that f°"0F) = i/c. 
We denote the set of all such by in other words, we put 

k 

Ji k = j¥ e Hom G (V, C/(g)); =0 e (/\ ^ }. 

Then is an s# -submodule of the -module Hom G (V, U (g)). 

Theorem 5.11. Define the si -homomorphism a> : /\ k Hom G (g, U (g)) — > Hom G ((^)* g, t/(g 
io f/zaf f/ie image of *Fi A • • • A W k € A* Hom G (g, t/(g)) is g/ven fey 

(5.9) w(«P, A ■ ■ ■ A »Pi) : (g) g 3 Xi ® ■ ■ ■ ® X* k-» det (W;])^. j<k e 
/fere ?/ze symbol det in ( I5.9I > stands for a so-called 'column-determinant' , that is, 

det (^[^]) 1< . /<jfe = J] ■ • • f M i)Rl- 

(S^ denotes the k-th symmetric group.) Then, for any W\ A • • • A e A* Hom G (g, t/(g)), 
Xj, . . . , X k 6 g, ant/ t g S^, 



(5.10) A---A¥it)[X T(1) ®---®X TW ] = (sgnT)w(V, 
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By this, we consider o 0?i A • ■ ■ A e Hom G (V, 17(g)). Then a) (*Pi A • • ■ A ¥*) e 

ant/ moreover, 

(5.11) 

ffa OFi A • ■ ■ A ¥*))[#, A • • ■ A fljfc] = det (f Ad CP i )[ J ff J ])^. , <jt Vffj fl t e I). 

i/ere fne right-hand side is the determinant of an S (t))-valued matrix. Furthermore, lo : 
/\ k Hom G (g, U(q)) — » is an ^ -module isomorphism. 

Proof. By an elementary argument, we can see (15. 10l > follows if we prove it for the special 
case where k — 2 and r = (1,2). Hence for a while we assume k = 2 and r = (1,2). In 
order to show ( 15.1 Oi l, for any ¥1, *P 2 e Hom G (g, £/(g)) define *P e Hom G (g ® g, t/(g)) by 

*P[Xi ®X 2 ] = (o(Wi A x P 2 )[-X'i ®^ 2 +X 2 ®Xi] 

= det^ l[Xl] Tl[X2] ) + det^ l[l2] VFl[Zl] 



l^R] Y 2 [X 2 ]/ -^\¥ 2 [X 2 ] »P 2 [Xi]j 
= VitXirPaKd - + ¥i[X 2 ]¥ 2 [Xi] - < P 2 [^] , PiK], 

and let us prove *P = 0. By Theorem 15. 91 dH. it suffices to show f Ad8 "( v F) = 0. Assume 
fAd® (\jt) 0. First we note (g®g) i) = b®b + Ha-Ei; 9-a®8o- For//i®// 2 e b®b, Lemma l5~6l 
implies rOPi[ffi]V 2 [ff2]) = yCVat^mtHi]), f^i^l^Kl) = f OWi]^^]), 
and hence f Ad82 (*P)[i/i®i/ 2 ] = 0. Fort/ € Z> , put S^(b) = 0f =o 5 '(b) and define the pro- 
jection map q d : (b) -> S J (b). Let cf e Z> be such that f Ad ® 2 (»F) e Homc(Vl 5|(b)) \ 
Hom c (V 6 ,5^ 1 (b))- Then we can easily observe q d , o r^OP) e Hom w (V", ^'(b)) \ {0}. 
Hence there exist a e n, e g_ ff , and X ff e g ff such that f Ad ^'Q¥)[X- a ® X a ] + 0. Put 

sl ff (2,C) = g_ ff + Ca v + g (! „ b(ff) = {// e b; a(H) = 0), n ff = J] 8/J , fi„ = #n„ 

and define the projection map 

% : t/(g) = (n ff t/(g) + t/(g)n„) e t/(b(a) + s«2,C)) -» I/(b(a) + sI ff (2,Q). 

Then y a is an s!q.(2, C)-homomorphism and y°y a = J- Also, in a similar way to the proof 
of Lemma l5~6l we can show for any D\ e t/(g) and D 2 e U(a,) l,< - a \ 

y a (D x D 2 ) = jaiD^y^), y a (D 2 D x ) = %{D 2 )%{D{). 

Define the 5^(2, C)-homomorphism : 5^(2, C) ® sl„(2, C) -> C/(b(a) + sl„(2, C)) by 

sl tt (2, C) ® sl (? (2, C) ^ g ® g ^> I7(fl) t/(b(a) + sl«(2, C)), 
and the sl„(2, C)-homomorphism If : sl„(2, C) -> C7(b(a) + sl„(2, C)) (i = 1 , 2) by 

sl ff (2,C) ^ g ^> l/(g) % UQ)(a) + 51,(2,0). 
Since W^Xj] e t/(g) 1,(o,) for any X U X 2 e sI a (2,C) (i, j = 1,2), we have 
(5.12) v°[Xi ®x 2 ] = nK^Kl-^Kl^tXj + ^KjTfKi-^tx^tXi]. 



Now from Kostant's theorem (|Kol|), the inclusion map i a : sl [v (2, C) U(\)(a) 
sIq,(2, C)) satisfies 

Hom 5W2 , C) (sI ff (2,C), U(M.a) + sI«(2,C))) = t/(sl ff (2, C)) 5U2 ' C) • t/(b(a)) ■ i a . 
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Hence there exist Zi,Z 2 e t/(sl„(2, C)) 5l " (2,C) ■ U(l){a)) such that ¥f = Z, • i ff (z, j = 1,2). 
Accordingly, the right-hand side of (15.121 becomes 

Z^lXr] Z 2 i a [X 2 ] - Z 2 i a [X l ] Z x i a [X 2 ] + Z x i a [X 2 ] Z 2 i a \X{\ - Z 2 i a [X 2 ] Z lt ff [^i] 

= ZjZ 2 (^[XJ t a [X 2 ] - t-fXi] t TO + t ff [X 2 ] ^[Xj] - t a [X 2 ] t-tXi]) = 0. 

In particular we have f ^ Q¥)[X- a ®X a ] = yo y a [X- a ® X ff ] = 0, a contradiction. Thus 
we get f Adt52 (*f) = and hence ( ETOl . 

Suppose k is general and Ti A •■■ A¥j e A, 4 Homc(g, t/(g)). Put go := b. Take 
ori, . . . , ak e £ U {0} so that a\ + ■ ■ ■ + ctk = and at least one or; is not 0. Also, take 
X a e g ff for each ctj and consider the element X ai A ■ ■ • A X aj e Then there exists at 
least one jo = l,...,k such that a jo e E + . Since *¥i[X af ] e f/(g)n (z = 1, . . . , k), d5 . 1 Oi 
implies w (¥1 A • • • A W k ) [X ai A • • • A X ai ] e t/(g)n and hence Y a {u OPi A • • • A ^))[X„, A 
■ ■ • a X at ] = 0. Since such X ai A ■ • • A X ai span (A* h) x , we get w ( V P 1 A ■ • • A e 
Obviously J5 .111 follows from Lemma l5~6l 

Lastly the next lemma assures a> : /\ k Homc(g, J/(g)) — > Mk is an isomorphism. □ 

Lemma 5.12. Define the si -homomorphism a>o : f\ k Hom w (b, S (h)) — > Hom^ (/\* ^> ^ (W; 
50 that the image of ip\ A • ■ ■ A ^ is given by the map 

k 

/\^ffiA-Aff t H det(^[#;]) is .^ e 5(b). 
Then it is an isomorphism. 

Proof. Bk(-,-) induces the W-module isomorphism (/\ k l)\ — /\ k i). Hence we have the 
following natural ja?-module isomorphisms: Hom^ (f\ k b, 5(b)) ((A*^) ®^(t))) — 
(/\ k b ® 5 (b)) =i {W-invariant polynomial coefficient /?-form on b^}. Suppose 
are algebraically independent homogeneous elements of si£ - S(t)) w and they constitute a 
generator system of s>£ '. Then {J//, A ■ ■ • A dlj k ; 1 < ;'i < • •• < ik < {} forms a basis of 

(AH®S (f))) W over ^ ((Sol). In particular, {dlf, i = 1, ...,{} is a basis of (b ® S (b)) w 
Homi^(l), 5 (h)) over It is easy to check under the identification Hom^ y f\ k b, S (b)) 
(A 4 1)® 5 Qj)) W , the image w W, A • • ■ A dl h ) e Hom w (A*k 5(b)) oft///, A ■ ■ • A dl k e 
A* Hom w (b, 5 (I))) equals <i/,- A ■ ■ • A <i/, t e ( A* b ® S (b)) W . □ 

To find all the equivalence classes of irreducible quasi-small representations and to de- 
termine the W-module structure of V*. . for each irreducible quasi-small representation 

single 1 1 

(cr, V) are both important problems. The next lemma seems to be a help to solving them: 

Lemma 5.13. Suppose Q s1 € t/(g) is the Casimir element of g. That is, if we choose 
X a € g„ for each a e 2 so that B(X a , X- a ) — 1 and if we take a basis {H\,...,H(}ofl)so 
that B(H h Hj) = 6ij, then 

e 

Q;, = 2^ H? + 2^ (XaX-a + X- a X a ). 
i-l aeL + 

Define the following central element ofC[W] : 

&w = 2^«a,a»(l - «o). 
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Suppose (<x, V) is an irreducible quasi-small representation of G and its highest weight is 
A. Then for any v e Single' 

(5.13) CV = P. + 2p»u = Sl w v. 

Proof. Since Q B acts on V by a scalar, we get the first equality of ( 15 . 1 31 by calculating the 
action of Q s , on a highest weight vector of V. To show the second equality, take an arbitrary 
a e E + and define sl ff (2, C) to be the three-dimensional simple subalgebra spanned by 
\X a , a v ,X- a }. If we consider U(sl a (2, C))v as an sIq,(2, C)-module, then from J5 . 1 1 each 
irreducible constituent of U{sl a (2, C))v is isomorphic either to the trivial representation or 
to the adjoint representation. Hence if we put vq := -Mpi;, v\ := — j^v, then sl a (2, C) acts 
trivially on vq. Thus (X a X- a + X- a X a )i>o = 0. On the other hand, if v\ + 0, then there exists 
an isomorphism from sl a (2, C)yi to sl ff (2, C) such that v\ h-> ar v . Since 

ad(X a X- a + X- a X a )a v = 2ad(X a )X. a -2ad(X_ a )X a = 4[X a ,X. a ] = 2((a,a))a w , 

we get (X a X_ a +X_ a X a )v 1 = 2((a, or))ui. Therefore the second equality of ( I5.13l > holds. □ 

Example 5.14. Suppose g is the complex simple Lie algebra of type {Bi). As usual, take 
a basis {e\,e2\ of I)* so that E + = {e,- ± ei,e\,eo} and ((e;, e^)) = ^dij. 

In addition to the equivalence class of the trivial representation 'triv', that of the reflec- 
tion representation 'ref, and that of the sign representation 'sgn', we have two other equiv- 
alence classes of irreducible representations of W: One is the class of the one-dimensional 
representation t which takes the value t(w) = 1 or — 1 (yv e W) according as the number 
of appearances of the reflections associated to short roots \±e\, ±e2) is even or odd when 
we express w as a product of reflections. The other is the class of r ® sgn, which behaves 
similarly for the long roots. On each irreducible representation of W, Q.w acts by the scalar 
whose value is indicated in Table l5.ll 



Table 5.1. values of Qu 



Table 5.2. values of Q„ 



rep. 


triv 


ref 


sgn 


T 


t ® sgn 


Q.w 





1 


2 


2 
3 


4 
3 



rep. 


C (0,0) 


°"(U>) 


°Ui) 


°"(2,1) 







2 
3 


1 


2 



The set of the highest weights of all finite-dimensional irreducible representations of 
G is {(/ + j)e\ + jen\ i,j € Z>o). Let cr ( ,-. ; ) denote the finite-dimensional irreducible 
representation of G with highest weight ie\ + je2- Note that 2p - 3ei + ei and that 
((A, A + 2p)) = ((A + p, A + p)) - ((p,p)). Then we easily recognize a representation <X(,j) 
for which the value of cr (iJ )(Q g ) coincides with one of the values of in Table l5~T1 is 
isomorphic to one of those representations in Table l5.2l 

Among the irreducible representations in Table l5~2l tr^o), o~n o), and cr (1 1} are small 
(cf. Figure lOl . Hence by Lemma l5.13l their 0-weight spaces have neither sgn nor r ® sgn 
as a constituent. On the other hand, cr^i) is not small because it has the weight 2e\. But 
since the W-module /\ 2 \) is isomorphic to sgn, the argument before Theorem l5 . 1 1 l implies 
that there is an irreducible quasi-small submodule V of /\ 2 g such that sgn appears in 
as a constituent. From Lemma l5.13l Table l5.ll and Table 15.21 we conclude this V must be 
isomorphic to o-{2,\). 
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Figure 5.1. quasi-small representations for type (B2) 




0"(2 > i) is an example of an irreducible representation of G which is quasi-small but not 
small, t ® sgn is an example of an irreducible representation of W which does not appear 
in Vjjng],, as a constituent for any irreducible quasi-small representation (<x, V) of G. 

Suppose /lei)*. In the rest of this section, we apply Theorem l5.9l to the study of a new 
relation we shall establish between a basic H-module 

(5.14) A(A):=S A Qj)/ J] (f-fW)SnQ)) 

and the Verma module 

M(A) := [7(g)/ J] U(5)(H -(A- p)(H)) + C/( S )ti 

H&i 

of f/(g). Hereafter we assume A e I)* is dominant, that is, A{a w ) £ {-1, -2, . . .} for any 
a e Z + . In this case, it is known that A{X) - H/ £ fES H(£ - A(%)) (cf. (Ch|). 

Definition 5.15. We introduce the correspondence : { H-submodule of A(A) } — > 
{ [/(g)-submodule of M(A) } defined by 

Xh^{ VM(A); V c [7(g) is ad(g)-stable and satisfies f(V)A(A) c S }, 

and the correspondence Y,\ : { f/(g)-submodule of M(A) } — > { H-submodule of A(/l) } de- 
fined by 

T 1 — > ^{fiy(V)A(T); V c [/(g) is ad(g)-stable and satisfies VM(A) clj. 

Obviously they are well-defined and preserve any inclusion relation. 

Proposition 5.16. Ea(A(A)) = M(A) and E}(0) = 0. Let S be an arbitrary H-submodule 
of A(A). Then Y\ oS^(S) C S. Moreover, suppose S admits a W -stable subspace E with 
the following properties: (a) S — HE; (b) as a W -module, each irreducible constituent 
of E belongs to W s i n gie, where Wsingie denotes the set of equivalence classes of those ir- 
reducible representations of W which appear in V^ngie f or some irreducible quasi-small 
representation (<x, V) ofG. Then Y\ o 5^(5) = S . 

Proof. It is clear that Ea(A(A)) = M(A). To show 5^(0) = 0, let To be the unique irreducible 
t/(g)-submodule of M(A). Then To is isomorphic to M(woA) for some wq e W. Fix a 
highest weight vector vq of To. 

Suppose an ad(g)-stable subspace V satisfies f(V)A(A) = 0. Then by the definition 
EH of A(A), % V) c 2 f€Sm w S (I)) (/ - f(A)) = 2 fES(W S (I)) (/ - f(woA)). By using the 
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direct sum decomposition t/(g) = ftt/(ft + I)) © t/(I)) © £/(g)n, we have Vvo c (y( V)(wo/i) + 
nU(n))vo = nU(n)vQ and hence VTq = VU(n)vo = U(n)Vvo c ftt/(ft)uo Q To. Since VTq is 
a t/(g)-submodule of To, we get VTq = 0. But from Duflo's theorem (|Duf |), Ann M(A) - 
Ann M(w Q A) = ^Deu^f U(q)(D -y(D)(A)). Hence we get V c Arm M(w A) = Ann M(A), 
or equivalently VM(A) = 0. It proves 5^(0) = 0. 

Secondly, let S be an arbitrary H-submodule of A(A). Put 



We assert 7 is a two-sided ideal of t/(g). Indeed, g7 is an ad(g)-stable subspace of t/(g) and 
satisfies g/ c (ft/ + 7n) + ad(n)7 + f)7 c (ft/ + In) + 1 + 1)1, from which we easily deduce 
y(g7) c y(7) + I)y(7). Since (y(7) + t)y(7))A(T) C S, gl C 7. Similarly we can show 7g c 7. 
Thus / is a two-sided ideal. Moreover, since y (Ann M(A)) = Yif€S(g) w ~ /W))> 

7 D Ann M(i). Hence from I JosllBGI . we get I = Ann (M(A)/IM(A)) and therefore 

(5.15) Y A (IM(A)) = {Ly(Arm(M(A)/IM(A)))A(A) = Hy(I)A(A) c S. 

Lastly, we assume the above S admits a W-stable subspace E which satisfies the con- 
ditions (a) and (b) in the proposition. Let E[ c E be an irreducible W-submodule. Then 
there exists a W-stable subspace E\ in 5'h(I)) which is isomorphic to E\ via the natural 
surjective W-homomorphism 5n(f)) — > A(A). By the condition (b), the equivalence class 
of Ei belongs to W s i ng i e . Hence it follows from Theorem l5.9l diil that there exists an ad(g)- 
submodule V of t/(g) which is isomorphic to an irreducible quasi-small representation of 
G and satisfies y(V) = E\. Since y(V)A(A) = S^E^ c S, the above I satisfies I D V 
and therefore y(I)A(A) z> E\. Hence by the condition (a), we can replace the last inclusion 
relation in (15. 15l > with '='. Thus we get 5^oS^(iS)=S. □ 

Corollary 5.17. Suppose g is a complex simple Lie algebra of type (A). Then is injective 
and it holds that Y\ o 5^(5) = S for any Yl-submodule S of A(A). 

Proof. Under the assumption that g is of type (A), all the equivalence classes of irreducible 
representations of W belong to W s i ng i e (|Br|). □ 

Remark 5.18. If A(a v ) + 1 for all a e E, then A(A) is irreducible (cf. (Ch)). Hence S,j is 
not necessarily surjective. 
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